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Abstract. Motivated by the index obstruction 8(M) to positive scalar curva- 
ture metrics as defined in the untwisted case by Rosenberg and in the twisted 
case by Stolz, we develop twisted _R"-theory with coefficients in a C*-algebra 
A in terms of twisted Hilbert A-module bundles. We then decompose 8(M) 
as a pairing of a twisted i^-homology with a twisted if-theory class and prove 
that 9(M) does not vanish if M is an orientable enlargeable manifold with spin 
universal cover, where the covers in the definition of enlargeability may have 
infinite numbers of leafs. 



1. Introduction 

In [27] Rosenberg constructed an index obstruction a(M) G KO n {C^{-K\{M))) 
for closed spin manifolds M of dimension n, which vanishes if M admits a metric 
of positive scalar curvature by the Lichnerowicz-Schrodinger-Weitzenbock formula. 
It takes values in the if -theory of the (maximal or reduced) real group C*-algebra 
associated to the fundamental group and relies on the existence of a spin structure 
on M. The Gromov-Lawson-Rosenberg conjecture states that vanishing of a(M) 
implies the existence of a positive scalar curvature metric for M with dim(M) > 5. 
It was proven to be true in the simply-connected case by Stolz [32], but is false in 
general as was shown by Schick [29]. 

Stolz also generalized this invariant to the case, where M itself may not be spin, 
but its universal cover M still is [31], [28, theorem 1.7]. He introduced the notion of 
supergroups, which are Z/2Z-extensions of ordinary groups that additionally come 
equipped with a grading homomorphism. The index invariant 9{M) G KO{C*^) 
takes values in the if-theory of a real C*-algebra associated to a twisted version of 
the fundamental group accounting for the missing spin structure on M. Whereas 
a(M) in the case of spin manifolds was easily expressed as the pairing of the Dirac 
class [D] G KO n {M) with the XO-theory class [V] G KO (C(M, C*tt)) of the 
Mishchenko-Fomenko bundle, 9(M) seems to lack this decomposition, since there 
is no Dirac operator on M. 

Nevertheless, there is a if-orientation class in twisted if-homology [9, 2, 17]. We 
will switch to complex if-theory for convenience. Ordinary twists of if-theory are 
then classified by elements of H 3 (M, Z). In particular, the orientation twist is given 
by the torsion element W 3 (M) = /3(w 2 (M)), where /3: # 2 (M,Z/2Z) ->• H 3 (M,Z) 
is the Bockstein homomorphism. Geometrically they may be represented by bundle 
gerbes developed by Murray [22]. These will be reviewed in section 2.1. There is 
a geometric description of twisted if-theory with torsion twist by modules over 
bundle gerbes contained in [6]. Most features of index theory are preserved in the 
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twisted case: Murray and Singer proved the analogue of the Atiyah-Singer index 
theorem in this context [24] and Carey and Wang proved the Thom isomorphism [8] 
(see also [9]). 

Motivated by these results, the present paper develops twisted if-theory with 
coefficients in a unital C*-algebra A, where the twists arise from a projective unitary 
action of a Lie group T on A, i.e. a group homomorphism r: T — >• U(A)/U(1), 
together with a principal T-bundle P over M (for more general twists see [26]). 
Let A = P x T A. The algebra C(M,A) of continuous sections is a C*-algebra. 
Ordinary bundles of Hilbcrt A- modules represent classes in Kq(C(M, A)), where 
C(M, A) is the algebra of continuous A-valued functions on M. Guided by the 
definition of bundle gerbe modules we define twisted Hilbert A-module bundles, 
which are ordinary Hilbert A-module bundles E — > P that are "equivariant up 
to a tensor product with a line bundle" . The concept of twisted connections on 
these bundles is a straightforward generalization of ordinary ^-linear connections. 
We prove an isomorphism of the corresponding Grothendieck group K^(M) with 
Kq(C(M, A)) and develop the complete framework of Mishchenko-Fomenko index 
theory in this twisted case: 

There is a Chern character ch Q : K° A {M) -> H CVQn {M, K {A) ® E) depending 
on a choice of trivialization Q. If A comes equipped with a trace r it induces 
another Chern character ch T : K^(M) — > H even (M, R) and both are connected via 
the notion of dimension induced by r. Generalized projective Dirac operators as 
defined in section 3.1.4 provide a useful description of classes in twisted if -homology 
as close to the untwisted case as possible. After countertwisting with an appropriate 
twisted Hilbert A-modulc bundle they descend to an ordinary A-linear first-order 
elliptic differential operators, which have an index in Kq(A) (see 3.33 and 3.36). 

We then proceed to identify the (complex version of the) twisted index obstruc- 
tion of Stolz as the pairing of a twisted Zf-homology with a twisted if-theory class: 

6—{M) = ind(D^ max ' Qspin ) = [V^] ® C(M>K) [D s ^] . 

This is more than just a reformulation of the work by Stolz: Twisted Hilbert A- 
module bundles are close enough to actual bundles to easily transfer proofs that 
worked in the untwisted case to the twisted setup. For example, for a bundle gerbe 
module there still is an analogue of the frame bundle as we prove in lemma 4.7. 
Parallel transport along a twisted connection is defined and yields a projective 
holonomy representation in the case of flat connections (see section 4.1). 

To give just one example of the power of this technique, we prove that 6{M) does 
not vanish for orientable enlargeable manifolds as defined in 5.1 with spin universal 
cover and thereby enhance a result by Hanke and Schick [13, 14]: 

Theorem 5.7. Let M be a closed compact smooth orientable even-dimensional ma- 
nifold with dim(Af) > 3 and M spin that is enlargeable in the sense of definition 5.1. 
Then we have 

r M (Af) ^ o . 

Gromov and Lawson showed that enlargeable manifolds M do not allow a metric 
of positive scalar curvature. However, they only worked with finite covers in the 
definition of enlargeability [12]. In contrast to their definition we allow the cov- 
ers M — > M to be non-compact as in [14]. In this generality transfer arguments 
working for finite covers fail! Twisted Hilbert ^4-module bundles, however, provide 
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a way to circumvent this problem. Moreover, this result is independent of the in- 
jectivity of the twisted Baum-Connes map. This should convince the reader that 
twisted if-theory as presented in this paper provides the right setup to treat index 
obstructions in the twisted case. 

Acknowledgments. This paper is an enhanced version of the author's PhD thesis 
under supervision of Prof. Thomas Schick to whom the author would like to express 
his deep gratitude. Apart from that the author would like to thank Bcrnhard Hanke 
and Andreas Thom for many stimulating discussions, Max Karoubi for pointing out 
valuable references about twisted K-theory and the German National Academic 
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2. Preliminaries 

2.1. Bundle gerbes. Throughout the paper, M will denote a smooth compact 
closed orientable manifold and A will be a unital C* -algebra if not stated otherwise. 
Abelian (S' 1 -)bundle gerbes were introduced by Murray in [22, 23], where they 
appeared as a geometric realization of classes in third cohomology with integer 
coefficients in analogy to line bundles which provide a geometric model for classes 
in H 2 (X,1) for a topological space X. In this section we will review first their 
general definition and the special case of lifting bundle gerbes. We will discuss 
their basic properties and define trivializations and the associated Dixmier-Dou- 
ady-class. 

Definition 2.1. Let M be a smooth manifold and let Y — > M be a surjective 
submersion. A line bundle L — > will be called a bundle gerbe if there exists a 
multiplication over Y ^ , i.e. an isomorphism of line bundles 

fi: ir* l2 L ® 7I23-L — > -k\ z L , 

where 7T,j : Y^ — > Y^ denotes the canonical projections to the fiber product of the 
ith and jth factor, and such that over Y"M the following diagram commutes 



id (g) fi 




Example 2.2. Let Q — > Y be a line bundle. Then the canonical isomorphism 
Q Cg) Q* — > C, where the latter denotes the trivial line bundle turns 

into a bundle gerbe, which is called the trivial bundle gerbe SQ. If L is a bundle 
gerbe, then L* inherits a bundle gerbe multiplication from L. L* is called the dual 
bundle gerbe. 
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Example 2.3. One of the main examples of bundle gerbes arises from central 
S^-extensions of Lie groups. Let 

1 -> S 1 -> f A T -> 1 

be such a central S^-extension and let P — > M be a principal T-bundle. Then 
there is a canonical map k: P^ — >■ L mapping a pair of points (pi,j>2) in the 
same fiber over M to the (unique) group element connecting the two, i.e. to 512 
with p\g\2 — P2- The lifting bundle gerbe L is now associated to the pullback 
L = k*T M, where the latter is a principal S^-bundle. If we denote points 
in L pip2 by [312, A] with 312 G T and A G C (we drop the points Pi,P2 from the 
notation) then [i is given by 

M([<?i2,A] <g> [?23, A']) = [312523, A A'] . 

Example 2.4. We are going to specialize example 2.3 even further and consider 
an extension 

1 ->• S 1 -> 7T A TT -> 1 , 

in which 7? and 7r are discrete groups. As such it is classified by a cocycle c? rep- 
resenting an element [cy] G H^ t (tt, S 1 ) in the second group cohomology. Twisting 
the multiplication with we can identify 7? with 7r x 5 1 , such that 

21) ' (52, 22) = (5152, z 1 Z2Cft(g 1 ,g 2 )) ■ 

A principal 7r-bundlc over M now corresponds to a cover M — >• M (which may be 
non-connected) and L 4 is in fact trivial as a line bundle. Nevertheless, the 
bundle gerbe multiplication still gets twisted, i.e. if (312, A) and (323, A') are two 
points in x S 1 (with a notation similar to example 2.3), then 

M((Si2, A), (323, A')) = (312523, c ff (3i2,323) A A') . 

Definition 2.5. A lifting bundle gerbe L — > of the form described in exam- 
ple 2.4 will be called covering bundle gerbe. 

[2] 

Example 2.6. Let Li — >• for i G {1,2} be two bundle gerbes. Denote by 
p^ : (Y 1 Xj/ Y2)' 2 ' — ► Y^ the projections to both of the factors, then the exterior 
tensor product 

L = LiML 2 = W1L1 ® pr2^2 

is again a bundle gerbe over (Yi x Y2 )' 2 ' in a canonical way. In particular, if Li is 
a lifting bundle gerbe associated to a central extension 

1 S 1 -> f * r< 1 

and a principal L;-bundle P^, then we can form 

f 1 ® f 2 = (Pi x La)/^ 1 

where S 1 acts on Li x L2 with respect to the anti-diagonal action z ■ (31,32) = 
(z gi, zg-z), and L\ M L2 is the lifting bundle gerbe for the central ^-extension 

1 -> S* 1 -4 fi <g> P 2 -4 Li x L 2 -> 1 

and the principal Li x L2-bundlc Pi Xm P 2 . 
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Remark 2.7. Let A: Y — > ; y H> (y, y) be the diagonal map and let L be 
a bundle gcrbc. Due to the multiplication map /x, the pullback bundle A*L has a 
canonical trivialization given by 

(1) C -> A*L* ® A*L -4 A*L* ® A*L ® A*L — > A*L , 

where the hrst map is the canonical isomorphism, the second is id ® /x _1 and the 
last is induced by the canonical pairing on the first two factors. 

2.1.1. The Dixmier-Douady class. Let L — > Y^ be a bundle gerbe. As an ana- 
logue of the first Chern class for complex line bundles, there is a class dd(L) G 
H 3 (M, Z) = H 2 (M, S 1 ) associated to L, which is defined as follows. Choose a 
(good) cover (J i Ui D M and sections Oi : Ui ^ Y oi the projection map Y — > M. 
Note that (oi,<7j) maps Uij = Ui fl Uj to Y^ and set = {ui,Uj)*L. Choose 
trivializations k^- : f/^ x S 1 — > Lij, which exist by contractibility of Uij. Over 
the triple intersection Uijk there are now two trivializations of L^: as well as 
fj,(nij (8> Hjk), where fi again denotes the bundle gerbe multiplication. They both 
differ by a map : U^k S 1 that is: 

fl(Kij ® Kjk) = UJijk Kik ■ 

The careful analysis given in [22] shows that ujijk is a Cech 2-cocycle that does 
not depend on all the choices up to coboundaries and therefore provides the class 
advertised in the beginning. 

The following theorem proven in [22] summarizes the most important properties 
of dd(L). 

Theorem 2.8. Let L -> Y^ and L t -4 y} 2] for i e {1,2} be bundle gerbes. The 
Dixmier-Douady class has the following properties: 

a) dd(L) = if and only if L is isomorphic over Y^ to a trivial bundle gerbe. In 
particular, if L is a lifting bundle gerbe over for the short exact sequence 

1 -> S 1 -> f -> T -» 1 

and a principal T-bundle P , then the latter lifts to a principal T-bundle if and 
only if dd(L) vanishes. 

b) dd{L x m L 2 ) = dd{Lx) + dd(L 2 ). □ 

c) dd(L*) = -dd(L). 

In view of part a) of the above theorem, we state the following definition from 
[22]: 

Definition 2.9. Let L — > Y^ be a bundle gerbe. L is called trivial if there is a 
line bundle Q — > Y and an isomorphism of bundle gerbes L — > SQ. A particular 
choice of Q and of the isomorphism L — > 5Q is called a trivialization of L. 

2.1.2. Connections on bundle gerbes. Connections on bundle gerbes were already 
treated by Murray in [22]. Their definition is straightforward and one of the main 
advantages of bundle gerbes over other gerbe-like structures given by local data is 
that the former live in a differential geometric setting, such that notions like con- 
nection, parallel transport and curvature transfer quite naturally. Explicit formulas 
for connections on lifting bundle gerbes in terms of Lie algebra splits were given by 
Gomi in [11]. We will mostly stick to the case were the central extension 

1 -> S 1 -> f -> L -> 1 
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is itself fiat as a principal S^-bundle. In this case, L carries a canonical flat con- 
nection. 

Definition 2.10. Let L be a bundle gerbe, L its principal ^-bundle. A covariant 
derivative V L : n°{L) -> Sl}(L) on L is called a bundle gerbe connection if the 
multiplication isomorphism 

fi: tt1 2 L ® tt^L — > ""13 £ 
pulls it back to the canonical connection on the tensor product, i.e. 

(2) //tt* 3 V L = tt 12 V l <g> 1 + 1 <g> tt^V 1, . 

Alternatively, we could describe V L giving the connection form 9l £ f2 1 (L,zR). 
Aside from the conditions of equivariance and reproduction of generators of funda- 
mental vector fields, 8l has to satisfy 

(3) n*irt 3 6 L = ir* 2 d L + ir* 3 d L , 

which is just the replacement of equation (2), where fi denotes the induced map on 
the principal S 1 -bundle. 

Bundle gerbe connections were shown to exist in general in [22] . If L is a lifting 
bundle gerbe associated to a principal L-bundle and a short exact sequence 

1 ->• S 1 -> f \ T -> 1 , 

then we can consider the Maurer-Cartan forms /zp and /zr on Y and T respectively. 
Let g be the Lie algebra of L, g that of L. Assume there exists a Lie algebra split 
°~ '■ —> °f the short exact sequence 

The 1-form v a € fi^P^'R) 

I^cr = /if - (T o g*^i r . 

indeed takes values in zR due to the split property of a. Its pullback via the char- 
acteristic map k : L — ¥ T yields a bundle gerbe connection on L since a commutes 
with the adjoint action of T on q. This is a special case of the results in [11]. The 
existence of a Lie algebra split is quite a restriction on the extensions, even though 
it is satisfied in all applications we have in mind. 

Theorem 2.11. Let T be a connected Lie group, which is a central S 1 -extension 
of another connected Lie group T. Then the following are equivalent: 

a) The associated short exact sequence of Lie algebras 

(4) -> iR -> g ^ g -> . 

splits in the category of Lie algebras. 

b) V is associated to the universal cover T — > V , i.e. there is a group homomorphism 
p: 7Ti(r) -4- S 1 such that f = f x p S 1 . 

c ) There is a section a : q — > such that the curvature of the connection form v„ 
vanishes. 
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Proof. If (4) splits in the category of Lie algebras, then there is a Lie algebra 
isomorphism g = g © iM. and we can identify v a with pr iR o /ip. Therefore by the 
Maurer-Cartan equation 

dv<? = pr lR ° d(J,f = -pr iR o = , 

since it C g is a central abelian subalgebra. If there is a section a: g — > g such 
that dv a = 0, then this equation evaluated on elements o-(X),a(Y) £ yields 

[a(X),a(r)]- ( r([X,r])=0 

showing that a is indeed a Lie algebra split. The equivalence of b) and c) is clear, 
because a principal bundle is fiat if and only if it reduces to a cover of the base 
manifold. In particular this is true for the principal ^-bundle r — »■ V (see also [25] 
for the infinite dimensional case). □ 

Definition 2.12. A central extension that satisfies one of the conditions of the 
previous lemma will be called flat. 

Remark 2.13. Let L be a bundle gerbe with bundle gerbe connection V L , denote 
the diagonal embedding Y — > Y^ by A and the pullback connection on A* L by 
A*V L . Let (A*V L )* be the dual connection, then the canonical isomorphism 

C — > A*L* ® A*L 

identifies the canonical flat connection on C with the tensor product connection 
(A*V i )*(X)id L +idL«(g)A*V i . Therefore the canonical isomorphism (1) induced by 
the bundle gerbe multiplication identifies A*V L with the canonical flat connection 
on C. 

2.1.3. Curvings. If L — > Y^ is a bundle gerbe equipped with a connection V L , 
then its curvature is a 2-form SIl £ fl 2 (Y^). It has been shown by Murray in [22] 
that the following sequence forms a complex with vanishing cohomology for every 
k £ N: 

(5) o -> n k (M) h> n k (Y) A n k (Y^) A n k (Y^) A ... , 

where the maps 6: il k (Y^) il k (Y^- m+1 ^) are given by 

m+l 

i=i 

and tti : y[ m + 1 l — > is the projection, which leaves out the Zth factor of y[ m+1 ]. 
The same argument given in [22] can be used to obtain (5) taking coefficients in a 
bundle pulled back from M, that is: If B — s- M is a vector bundle, then 

(6) 0->fi*(A/,B) An k (Y,ir* M B) A tt k (Y^ , ir* M B) A ... 

is an acyclic complex as well. 

If V L is a bundle gerbe connection with curvature VIl £ Q 2 (Y^), then the 
compatibility with \x in (8) translates to 5(Ql) = 0. Thus there is / £ fl 2 (Y) such 
that 5(f) =n L . 

Definition 2.14. Let L be a bundle gerbe. Let V L be a bundle gerbe connection 
with curvature Vt L £ £! 2 (Y [2 J), then a choice of / £ Q 2 (Y) with 5(f) = Cl L will be 
called a curving of V L . 
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Remark 2.15. Since d and 6 commute and dQ,L — there exists a closed 3-form 
cj £ n 3 (M) with n*uj = df . It represents a cohomology class dd R (L) £ H 3 (M,R), 
which coincides with the image of dd(L) in real cohomology as was shown by Murray 
in [22]. It is easy to see that the condition dd M (L) — is equivalent to the existence 
of a closed curving. 

2.2. Bundle gerbe modules. The motivation for bundle gerbe modules arose 
from considering topological charges in string theory. Based on the observation 
that these should be described by twisted versions of vector bundles in the presence 
of certain anomalies and should represent classes in twisted if-theory, Bouwknegt, 
Carey, Mathai, Murray and Stevenson developed a geometric model for the latter 
in [6], which was refined by Carey and Wang in [8]. In case the twist represents 
a torsion class, this model parallels the description of ordinary K-theory by vector 
bundles by replacing them with modules over bundle gerbes. 

Even though this paper will not deal with the physics behind this, we will later 
on exploit this approach to find a twisted replacement for the Mishchenko-Fomenko 
line bundle. 

Definition 2.16. Let L — > be a bundle gerbe. A finite dimensional vector 
bundle F — > Y together with an isomorphism 

7: L <g> 71-3 F ->■ n* F 

is called a bundle gerbe module for L if the following associativity diagram com- 
mutes: 

(7T* 2 i <g> 7T23-L) <g> 71-3.F ^=^= TT* 2 L (g) (71-23L ® 71-3.F) 



fj. ® id 



id 7 



■k\F 

We will call 7 the action of L on F or the twisting of F. 

Example 2.17. Let P — > M be a principal F-bundle and let L be the lifting bundle 
gerbe associated to a central ^-extension 

1 -> S 1 -> f -> F -> 1 . 

Let p: r — > U(n) be a unitary representation of F with p(zg) = zp(g) for z £ S 1 
and g £T. Then 

F = P x C" 

is a bundle gerbe module with the action of L given by 

7([g,\]®v) = \p{g)v . 

In the most important special case of this example P = Pso is the frame bundle 
of an orientable Riemannian manifold M and L — L sp i n is the lifting bundle gerbe 
associated to the central ^-extension 



1 -> S 1 Spin c (n) -y SO{n) 1 
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ispin provides a replacement for missing spin c structures on M. Its Dixmicr- 
Douady-class is given by dd(L sp - m ) = Ws{M) = (3(w2(M)), where 

(3: H 2 (M, Z/2Z) -> iJ 3 (M,Z) 

is the Bockstein homomorphism. In fact, trivializations of this gerbe are in 1 : 1- 
correspondence with spin c structures on M. F sp i n has been considered for example 
in [24, 20, 6, 8]. 

The irreducible representation of Spin c (n) on C N provides via the above con- 
struction an example of a bundle gerbe module, which will be called the spinor 
module. 



Example 2.18. Now consider the setup given in example 2.4, that is let 

1 -> S 1 -> 7T A 7T -> 1 , 

be a central S^-extension of the discrete group ir classified by a cocycle cs £ 
_ffg r (7T, S* 1 ) and denote the corresponding covering bundle gerbe by — > M' 2 '. 
Since Fj is trivial as a vector bundle, a bundle gerbe module F — ► M for F^j 
consists of a vector bundle F over M together with fiber isomorphisms 

/ • ± ra ' ± Trig -1 

for g e 7r, such that 7 9 o ^ h = c^(g, h) r y gh , i.e. 7 9 acts on the fibers of F like a 
projective representation of (77,05?). 

The correct notion of morphisms should respect the action of the bundle gerbe L. 

Definition 2.19. Let F, F' be two bundle gerbe modules with respect to the same 
bundle gerbe L and denote the twistings by 7 and 7'. A linear map / : F — > F 1 will 
be called a morphism of bundle gerbe modules if the following diagram commutes: 



L®k^F 



nlF 



L®it* 2 F' 



-k{F' 



Let Hom(F, F' ) be the homomorphism bundle of F and F' over Y and let 
7Ti : Y"[ 2 1 — !> V be the projection to the ith. factor. The twistings 7 and 7' yield 
an isomorphism: 

* : nl Hom(F, F') -> n* 2 Hom(F, F') 

defined as follows: Let / : F yi — > F' yi be a linear map of the fibers at some point 
yi G Y, then 



¥(/): F„., ^ I,,,., „., F,„ l F 

y[3] yp] ^ the projection to the (z, j)th factor of Y^ in yl 3 l then the 

» 1 



idr 



F' -U- F' 

yi V2 



If 7T,; 



associativity of F implies that ir^ \P ° 7r| 2 ^ = 7r^ 3 \l/. From this we deduce that 
Hom(F, F') descends to a bundle hom(F, F') — > M, i. e. 

Hom(F, F') = 7r*hom(F, F') . 

Global sections of hom(F, F') correspond precisely to bundle gerbe morphisms from 
F to F' over F. The punchline is that even though the modules over L are twisted, 
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their homomorphism bundles descend to honest vector bundles over M. In partic- 
ular, the endomorphism bundle End(-F) descends to a bundle of matrix algebras 
end(F) (see also [20]). 

Example 2.20. If L is a lifting bundle gerbe and F is given by a representation 
p: r — > U(n) like in example 2.17, then p factors as a homomorphism p: V — >• 
PU(n). PU(n) acts via the adjoint action on M„(C) and if we denote the induced 
action of L by Adp we have 

end(F) = P XAdp M n (C) . 

Definition 2.21. Like in [6] we define K^{M) to be the Grothendicck group of 
bundle gerbe modules for L. 

2.2.1. Connections on bundle gerbe modules. Since the endomorphism bundle of 
a module F over some bundle gerbe L descends to a bundle over M, there is 
some hope to define a connection on F, which is compatible with a corresponding 
connection on L such that the curvature descends to a form on M, which would 
enable us, to define characteristic classes of F in terms of Chern-Weil theory. This 
is indeed possible as has already been observed in [6] and can be used to define a 
Chern character for bundle gerbe modules. If we denote the connection on L by 
V L , it is straightforward to define the compatibility condition for the connection 
on F. 

Definition 2.22. Let F be a bundle gerbe module for L. A connection V F on F 
is called a bundle gerbe module connection if 

(7) 7*71^ V F = V L <g> id + id ® v* 2 V F . 

If Ol € f2 1 (L, iM.) is the connection form of V L , Pf — > Y is the frame bundle of F, 
n is its rank and rjp £ f2 (Pp,u(n)) is the connection form for V F , then (7) can be 
rephrased as follows: 

(8) 7*7T^ r\ F = L + Vf , 

where the embedding iM. — > u(n) implicitly needed in (8) is induced by the canon- 
ical homomorphism U(l) —¥ U(n). By a slight abuse of notation we identify the 
isomorphism 7 with the map induced by it on the frame bundles. 

Remark 2.23. The curvature form of V F is an element FIf 6 fl 2 (Y,TT*end(F)), 
which satisfies 8 (tip) = CIl. Thus, with a choice of curving / S fi 2 (F) for V L 
we get 8(Clp — f) = 0. From (6) we deduce that £If — f = n*ujf for a 2-form 
(Jf G fi 2 (M, end(F)). In particular, 51f = 7r*wo (i.e. the curvature descends to a 
2-form uq on M) if V L is a flat connection. 

Example 2.24. Let F be the bundle gerbe module from example 2.17 for a flat 
central extension and let 77 € f2 1 (P, g) be a connection form on the principal T- 
bundle P with values in the Lie algebra g of F. The frame bundle of F is the trivial 
[/(n)-bundle over P. Denote its canonical projections by irp and 7Tm„). Let Pu(n) 
be the Maurer-Cartan form on U(n). Then 

Vf = Ad -1 P*n*pV + 7r a(™)Mc/(n) 

yields a bundle gerbe module connection on F with respect to the canonical flat 
connection on the lifting bundle gerbe L. Let a £ T(F) — C°°(P, C n ) be a section 
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of F over P, then the associated covariant derivative V F acts via 

V F (cr) = do- + p*(n) ■ a . 

2.2.2. Trivializations and Descent. In case the Dixmier-Douady-class dd(L) van- 
ishes, bundle gerbc modules for L should be in 1 : 1-correspondence with vector 
bundles over the base space M, that is E — > Y should descent to some vector bun- 
dle E — > M. In this section we will review this construction to check that it will 
also work for the twisted Hilbcrt A-modulc bundles defined later on. 

Lemma 2.25. Let E — >• Y be a locally trivial bundle with fiber V over the total 
space of a fibration it: Y — > M. Assume that there is a bundle isomorphism 

where TTi : Y^ — > Y denote the canonical projections. If the following associativity 
diagram over Y^ commutes, 

TT^E > TT 2 E 

7r l 2 <t> 

tt{E 

then there is a bundle E — > M with fiber V and an isomorphism E — > n*E. 

Proof. The proof is straightforward and we will only provide a sketch: Cover M 
by contractible sets M D Uie/ Ui an d choose sections <7j : Ui — >■ Y. Let Ei = a*E 
and denote the maps induced by <p on the double intersections Uij = UiCiUj by 
<f>ij : Ej — > Ei. Now we can define 

E = ]lEi/ ~ 

iei 

where the equivalence relation is induced by the maps <f>ij . □ 

We will apply the above lemma to bundle gerbe modules for the tensor product 
of two bundle gerbes L\ and L 2 with dd{L\) = dd{L 2 ). Note that in this case 
dd{L\ El L 2 ) = -dd(L{) + dd(L 2 ) = 0, i.e. a trivialization of L\ IEI L 2 exists. 

rol 

Theorem 2.26. Let Li — > Y> for i e {1,2} be two bundle gerbes with dd{L\) = 
dd(L 2 ). Let Q -> Yi x M Y 2 be a trivialization of L\ M L 2 -> (Y"i x M Y 2 )I 2 1. If 
F — >• Y"i is a bundle gerbe module for L\ and p:Y\ Xm Y 2 — > Yi denotes the 
canonical projection, then p*F ® Q descends to a bundle gerbe module 

Q(F) -»• y 2 

/or L 2 . // i 7 " is another bundle gerbe module for L\ and <p: F — > F' is a twisted 
morphism, then there is a corresponding morphism Q((f): Q(F) — > Q(F') turning 
Q into a covariant functor. 

Proof. In view of the last lemma we have to prove that -K 2 {p*F®Q) = nl(p* F®Q), 

[21 

where 7^: Y/ x m Y 2 — > Y\ XmY 2 denotes the projection to the ith Yi-factor. 
Moreover, we need to check that associativity holds and that the result carries an 
action of L 2 . 
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Since we have to distinguish a lot of different projection maps, we will give the 
needed isomorphisms on the fibers although it is possible to express all of them 
in terms of pullbacks via certain projections. Furthermore, we will always identify 
(Li)ty t y\ with C using the canonical trivialization given in (f ), which is compatible 
with the product operation. Since Q trivializes L\ K L2 we have the following 

[2] 

isomorphism for \y 1,1/2) E K 

( L *)(yl,vl) ® ( L 2)(vl,vl) -> Q(y\,yl) ® (Q*)(vh,vl) ■ 
In particular, we get 

( L *)(vi,vh) ® ®(vh,v 2 ) ~^ ®(vhv 2 ) ■ 

by setting y\ = y\ = y 2 S Y%. From this, we can deduce the isomorphism T^(p*F® 
Q)=irl{p*F(g>Q): 

F vl ® Qivlv 2 ) ( L ^(vW 2 ) ® F y^ ® ® Qfsi,^ ^ F »i ® ^toj.y 2 ) ■ 

The first map is the canonical identification L\ ®L\ — > C, the second is induced by 
the action of Li on F and the above map. Likewise, the other diagonal embedding 
Y\ x m — >• (Yi x m Y2)' 2 ' yields an isomorphism 

for (2/1,2/2) ^i 2 ' anc ^ y 1 ^ Yi. After tensoring with F this becomes the twisting 
map 

( L 2)(^,j,j) <8 Fyi <g> Q (3/ i l3/ |) -»• F„i (8 • 

By the associativity of L* Kl L2 and the fact that the above two maps are derived 
from a bundle gerbe isomorphism, this twisting commutes with the action that is 

used to define the descend bundle Q(F) — p*F ®Q. Moreover, this implies the 
associativity of the twisting as well as the associativity of the descend isomorphism. 
Thus, Q(F) is a bundle gerbe module. If ip: F —> F' is a twisted morphism, 
it commutes with the action L\ and therefore yields a well-defined linear map 
Q(ip): Q{F) ->• Q(F'). Since the action of L 2 on Q(F) and Q(F') only affects Q, 
Q(ip) commutes with it, thus it is a twisted morphism. □ 

As a special case of this construction we get 

Corollary 2.27. Let L -> Y^ be a bundle gerbe with dd(L) = 0. Let Q ->■ Y be a 

trivialization of L and F — > Y be a bundle gerbe module for L, then F®Q* descends 
to a vector bundle Q*(F) — » M. Thus, Q* is a natural equivalence between bundle 
gerbe modules for L and vector bundles over M . 

Proof. This follows directly from the above theorem if we choose L\ = L and the 
trivial bundle gerbe M x S 1 over the identity fibration M — > M for L2. □ 

In the situation of theorem 2.26 sections of Q{F) — >■ Y2 arc identified via pullback 
with 7r : Y\ Xm Y2 — > Y2 with those sections a of p*F<E> Q — > Yi Xm Y2, which satisfy 

(9) 4> 7r 2 Cr = 7r l (J ' 

where m : Y{ x m Y2 —> Y\ x m Y2 are the canonical projections and <fi is the 
isomorphism ^(//FcgiQ) — > irl (p*F<E> Q). This can be used to channel connections 
through our trivialization Q as well. 
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Lemma 2.28. Let E — > Y be a smooth vector bundle over the total space of a 
smooth fibration 7r: Y — > M. Assume that there is a bundle isomorphism 

<j>: tt* 2 E -=> tx\E , 

such that the associativity of theorem 2.26 holds. If E carries a connection V E with 
0*7T2 V B = 7r*V B then it descends to a connection V E on E. 

Proof. Fixapoint {y 1 ,y 2 ) G Y [2] and a vector (Vi,V 2 ) G T (yuy2) Y^\ i.e. V, G T y% Y 
and ir*V\ — tt*V 2 . Let a: Y — > E be a section of E, which satisfies (9) and therefore 
corresponds to a pullback of some a: M — >• E. Now note that 

<(V£*) = «V J5 ) (yi , y2 )7r 1 V=(^V B ) (Vl) v 2) (0o 7 r 2 V) 
= ((TT* 2 V E ) iVl ,v 2 )7r* 2 a) =^o^(Vf 2 a) . 

Let Vi = and V = V 2 G ker7r„. Then it follows that VyV = 0. Thus, for an 
arbitrary vector V G TY the value of Vycr only depends on ir*V G T and not on 
the particular choice of lift to TV. Therefore Vf^cr is well-defined for a vector field 
W : M -> TM and V^er also satisfies (9). □ 

Let L t -> P\ 2] for i 6 {1,2}, F and Q be as in theorem 2.26. Let V Li be 
a connection on Lj. L* IE L 2 inherits a connection V ilKli2 from L\ and L 2 . The 
isomorphism L\ML 2 = tt^QiXitt^Q* together with its compatibility with the product 
equips Q with the structure of a rank 1-bundle gerbe module for L\ M L 2 . Let V"^ 
be a bundle gerbe module connection on Q for V ilHi2 . 

Theorem 2.29. Let Li 7 F and Q be equipped with connections V Li , V F and . 
Then V p F ®Q = p* V F ® id+ id® descends to a bundle gerbe module connection 
on Q(F) -> Y 2 . 

Proof. Let 7rf : Y\ x m Y 2 ' 2 ' Yi x mY 2 , irj : Y^ X Y% — > Yj. X m Y 2 be the canonical 
projections. By remark 2.13 we get two isomorphisms 

k 2 : L 2 ®(kI)*Q^{kI)*Q , Kl : (tt 2 1 )*Q^ (^ 1 1 )*g®L 1 , 

where we have identified Li with its pullback to shorten notation. Since is a 
bundle gerbe module connection we get the two identities 

(10) n 2 x o (tt 2 )*V q o k 2 = V i2 (g)id Q +id L2 (g> (7rf)*V Q , 

(11) Ki o (7r 2 1 )*V Q ok- 1 = idq «> V Ll + (tt^V 5 ®id i2 , 

where ft, acts on sections via pullback. Remember that p*F ® Q descends to a 
bundle over Y 2 via the descend data given by a consistent isomorphism 

V^: {■kD*{ P *F®Q) ^ (7ri)*(p*F®Q) 

composed from the twisting 7 and /ci. We see from (11) that the canonical tensor 
product connection 

V* mQ = P *V F <8 id Q + id p . F <g> V Q 

satisfies 

and therefore defines a connection yQ( E ~> on Q(-E) — > I2 by lemma 2.28, which 
turns out to be a twisted connection by (10). □ 
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Remark 2.30. Let Li for i G {1, 2, 3} be bundle gerbes over the spaces Yi. Suppose 
we have two trivializations Q\ of LI and Q2 of L\ As the notation above 

already suggested we can see Qi as a generalized morphism from Li to Lj+i. From 
this point of view we can ask if there is a notion of composition for trivializations. 
Indeed, there is such a construction, which is well-defined on isomorphism classes 
of trivializations. To see this, consider the exterior tensor product Q\ M G/2- It is a 
line bundle over Y± x m Y<x x m Ys that comes equipped with an isomorphism 

(Qr H Q2)( yi ,y 2 , y3 ) = (Qi H Q 2 )( 1ft , I 6, v ,) ® (ia)^, v /) ® (£2)^) 

- (Qi ^ Qz)(yi,y' 2 ,y3) 
Therefore it descends to a line bundle Q2 °Qi over Yi xm Y3 by lemma 2.25, which 
provides a trivialization of El L3. Let be a bundle gerbe module connection 
on Qi with respect to the action of L* M Lj+i. Using the same argument as in 2.29 
we see that there is an induced connection V^ 20 ^ 1 on the composition as well. 

Remark 2.31. Suppose L is a bundle gerbe with dd(L) — and Q and Q 1 are two 
trivializations of L. Then it follows from 

<g®7r|Q* * 7rJQ'(8)7r^(Q')* =► < (Q ® (Q')*) = tt| (Q ® (Q')*) 

that Q <g> (Q')* descends to a line bundle £ over M, i.e. Q = Q' ® 7r*£ Moreover, if 
£ is an arbitrary line bundle over M, it is easily checked that for a trivialization Q, 
Q (& 7r*£ is another one. Now suppose that Li are bundle gerbes as in remark 2.30 
and let Q12 be a trivialization of L\ML%. Let Q\ and Q2 be arbitrary trivializations 
of L\ Kl L2 and L2 M L3 respectively. In this situation there is a line bundle £12 
over M, such that Q12 = (Q2 ° Qi) <8> 7r*^i 2 = Q2 ° (Qi <8> 7r*£i 2 ). Therefore any 
trivialization Q12 can be decomposed into Q2 ° Qi for two trivializations Qi. 

2.3. Universal cover of principal bundles. This section contains some lemmata 
about universal covers of principal bundles. Most observations will be based on 
elementary covering theory. Consider first an extension G of the Lie group H by 
the Lie group A, i.e. a short exact sequence 

1->A — > G H -> 1 , 

such that q : G — > H is a principal ^4-bundle. 

Lemma 2.32. Let tt2 : P2 — > M be a principal H -bundle and 7Ti : Pi — > P2 be 
a principal A-bundle. If P\ carries an action by G that is compatible with these 
structures in the sense that its restriction to A coincides with the given one and 

ti(p ■ 9) = Kiip) ■ q(g) 

for p G P\ and g G G, then tt = 7T2 o 7Ti : Pi — ¥ M is a principal G-bundle. 

Proof. The proof is straightforward and we will omit it. □ 

Let 7r : P — >■ M be a principal T-bundle over M for a path connected Lie group 
r. Let G C tti(P) be a subgroup and denote by g: M — )• M the universal cover 
of M. Since P — >■ M is a fibration we can consider the following excerpt of the 
homotopy long exact sequence 

7T 2 (M) > 7Tl(r) -A 7Ti(P) 7Tl(M) -> 1 . 

The subgroup G classifies a cover P P. Likewise denote by M the cover of M 
classified by 7r*(G) C tt\{M) and let f = F/a~ 1 (G), where F — > F is the universal 
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cover. Remember that a map / : Y — > P lifts to a map / : Y — > P if and only if 
/*(7ri(y)) C vri(P) = G and likewise for maps to M, respectively M . In particular 
the projection 7r lifts to a map ff: P — )• M, since 7T*(7ri(P)) = 71% (G) = 7Ti(M). 

Lemma 2.33. ff : P — > M is a principal Y-bundle. 

Proof. Denote the basepoint in P by p~o and the induced basepoint in P by po . Let 
7 be a loop in P with 7(0) = po, fj a loop in T starting at the identity. Since 7 • 77 is 
nomotopic to the concatenation of 7 with po ■ »7, the action map P xT — >• P induces 

7rx(P) x 7ri(r) -> 7r x (P) ; (a, 6) ■->• a a(6) 

on fundamental groups. Since iti{P) a(ni(T )) = Ga(a _1 (G)) = G = vti(P), P x 
r — >• P lifts to P x T — > P. This lift of the action is defined as follows: Choose two 
paths 7 from p~o to p in P and 77 from 1 to g in T. 7 and 77 project to 7 : I — > P and 
77 : 7 — > Y respectively. 7 ■ 77 has a lift 7 ■ 77 to po- Then 

(12) P-s = r^(i). 

The fact that this is a well-defined continuous map follows from basic covering 
theory and it is easily seen to satisfy p ■ (g\ ■ g-x) = (p ■ gi) ■ g% and p ■ 1 = p. 

Consider the pullback of M ^ M to P, i.e. P x M M — > P. This cover is 
classified by the subgroup 

7r- 1 ( 7 r (< G)=a(7ri(r))GC7r 1 (P) 

and is itself covered by P — » P x^j AI, which maps the point p S P over p G P to 
(p, 7f(p)). Since G is normal in a(7ri(r))G the deck transformation group A of the 
latter cover can be identified as a subquotient of m (P) with: 

A = a(vn(r))G/G = a(7r 1 (r))/a( 7 r 1 (r)) n G = a(7n(r)/a~ 1 (G)) . 

If g € 7Ti(r)/a _1 (G) c f the action (12) maps the fiber over (p,m) £ P Xm M into 
itself and sends po to po a(g), therefore it coincides with the (left) action of the deck 
transformation group. The projection ff : P — > M factors as P — )■ P Xjn M — > M. 
P->Pxj f Misa principal 7Ti(r)/a _1 (G)-bundle, P x M M — > M is a principal 
T-bundle and the action of T satisfies: ff(p ■ g) — p ■ <?, where p, g lie in the fiber 
above p and g. Therefore we are in the situation of lemma 2.32 for the central 
extension 

1 7Ti(r)/a^ 1 (G) -> f r -> 1 . □ 

Example 2.34. If G = {1}, then the previous lemma reveals the universal cover 
P to be a principal T — Y / ker a-bundle over M. Of course, we regain the principal 
r-bundle P -> M if we choose G = tti(P). 

The situation in the proof can be turned upside down to determine whether 
lifting a principal T-bundle to a principal T-bundle is possible over some cover M 
of M. Let 7r: P — > M be a principal T-bundle and let P C 7Ti(M) be a subgroup 
classifying a cover g: M — > M. Denote by a: 7Ti(T) — ^ tti(P) the map induced by 
the fiber inclusion and let A D ker a be a subgroup of tti(Y) classifying the cover 
T — > T, which is again a Lie group. In the following corollary we consider extensions 
of H by A/ ker a of the form 

(13) 1 — >A/kcra^G^H — ►! 
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for some subgroup G € 7ri(P). Note that the maps in this extension are fixed 
to be the restrictions of 7r* : tt\(P) — > n\(M) and a: 7ri(T) — » tt\{P) to G and A 
respectively. 

Definition 2.35. Let A, G and H be subgroups like above fitting into the short 
exact sequence (13), then the triple (A, G, H) will be called an extension of H by 
A in tti(P). 

Corollary 2.36. Let A — tti(T) and H = tti(M), then g*P lifts to a principal T- 
bundle if and only if there is an extension (A, G, H) in tti (P) . Moreover, extensions 
{A,G,H) in 7Ti(P) are in 1 : 1- correspondence with the (pointed) lifts of g*P. 

Proof. Suppose (A,G,H) is an extension of H by A in ni(P). Since a maps A 
to G, the inclusion A C 7i"i(r) factors as A C a^ 1 (G) C 7Ti(T). But A/kera 
and a _1 (G)/kera coincide when injected into G via a, since they coincide with 
ker(7r*| G ). Therefore an application of the five lemma yields A — a^ 1 (G). By 
lemma 2.33 the subgroup G C ni(P) yields a principal f -bundle P — > M, which 
lifts Q*P_. 

Let P -> g*P be a lift. q*P = PxmM^P is a covering map and since all 
spaces are connected and semi-locally simply-connected, the composition P — > P 
is a cover as well, which is classified by a subgroup G C tti(P). By the homotopy 
exact sequence of the corresponding fibrations 



r — 


— > p — 


> M 


1 


i 


i 


r 


— > p 


> M 



the triple (A,G,H) with A = 7Ti(r), H = tti(M) provides an extension in tti(P). 
These constructions are inverse to each other. □ 

Example 2.37. If A — kera and H — iri(M) C 7Ti(M), then an extension in 
7Ti(P) corresponds to a subgroup G C m(P), such that ir*(G) = 7ri(M). Phrased 
differently: In this case an extension in tti(P) is induced by a splitting 7Ti(M) ^> 
G C tv i (P) and these splittings are in 1 : 1-correspondence with lifts of the principal 
r-bundle tt: q*P -)• A~f to principal f -bundles P -> M. 

Example 2.38. If i? = {1} C 7Ti(M), then there is a unique extension (A, G,H) 
in 7Ti(P) given by G = a(A). Therefore g*P M has a unique lift to a principal 
r-bundle. The case most interesting to us is where P = Pso is the frame bundle 
of M. Suppose for simplicity that dim(M) > 3. Then we gain that M carries a 
unique spin structure if and only if a: Z/2Z — > tti(Pso) has no kernel (compare 
with [31, lemma 2.10]). 

3. Twisted Hilbert A-module bundles 

With only minor modifications we can extend the formalism of bundle gerbe 
modules to bundles with fibers not only vector spaces, but Hilbert G*-modules for 
a G*-algebra A (see [18] for an introduction to Hilbert G*-modules). 

Definition 3.1. Let M be a smooth manifold, A be a G*-algebra and let Y — > Al 
be a surjective submersion. Let L — > be a bundle gerbe. A (right) Hilbert 
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A-module bundle E — > Y together with an action 

7: L <8 n* 2 E —> -k\E 

is called a twisted Hilbert A-module bundle for L if the following associativity dia- 
gram commutes: 



(irl 2 L <Z> irt, 3 L) <Z> tt^E 

(g> id 

-n\ z L ® -k\E 



irl 2 L ® (7r| 3 L <g> n^E) 

id 7 
7Ti 2 I/ (g) W%E 



TT*E 



E will be called finitely generated and projective, if its fibers are finitely generated 
and projective as Hilbert A-modules. 

A morphism 92: E E' oi twisted Hilbert A-module bundles has to intertwine 
the two twistings as in definition 2.19. 

Definition 3.2. Let E, E' be two bundle gerbe modules with respect to the 
same bundle gerbe L and denote the twistings by 7 and 7'. A right A-linear 
map f : E —t E' will be called a morphism of twisted Hilbert A-module bundles or 
(twisted morphism for short) if the following diagram commutes: 



id L 



ir*E 



Remark 3.3. Just as for ordinary bundle gerbe modules the homomorphism bun- 
dle Hom(£, E') descends to a bundle hom(E, E') over M. In particular, the bundle 
end(E) is a bundle of C*-algebras over M and its continuous sections C(M, end(E)) 
equipped with the sup-norm form a C*-algebra. Moreover, the direct sum of two 
twisted Hilbert A-module bundles E —> Y and E' — > Y is defined to be the ordinary 
direct sum E © E 1 — > Y with the diagonal twisting 707'. 

Example 3.4. Let A be a unital C*-algebra and denote by U(A) the group of 
unitary elements in A equipped with the norm topology (which due to unitality 
agrees with the strict topology on A). Like in example 2.17, let P — > M be a 
principal L-bundle and let L be the lifting bundle gerbe associated to a central 
5 1 -extension 

1 ->• S 1 -> f -)• T ->• 1 . 

Suppose that r: L — > J7(A) satisfies t(zj) = zf(j) for all <? G L and z G S 1 . Let 
n6N and denote the induced diagonal representation in U(M n (A)) by f„ : L — ► 
C(M„(A)). Similar to example 2.17 the bundle 



A n = P x A r ' 
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is a twisted Hilbert A-modulc bundle with the action of L given by 

7([<7,A] ®v) = \r n (g)v . 

Let PU{A) = U(A)/S 1 , correspondingly PU(M n (A)) = U(M n (A))/S 1 . Again, let 
t„ be the induced diagonal homomorphism L — > PU(M n (A)) and set r = t\. Via 
the adjoint action Ad T of PU(A) on A we get an associated bundle of C* -algebras 
A = P x Adr A. More generally, we get M n (A) = P x A d T „ M n (A). The norm 
continuous sections C(M, M n (A)) = C(M, .A) ® M„(C) form another C*-algebra 
and we note that 

end(A^) = M»(A) . 

Example 3.5. The following construction is related to example 3.4. Let A, L, 
r n and r n be as above. Suppose P — > M is a trivializable principal L-bundle, 
which implies that there exists an equi variant map a: P — > V. Let V be a finitely 
generated, projective right Hilbert A-module, i.e. V = tA n for some projection 
t G M„(A) and set 

V a = {(p,v) G | Ad (TBO0 . )(p )-i(t)» = . 

To see that is locally trivial as a bundle of Hilbert A- modules over P at a point 
p <E P, choose an open neighborhood {/ C L of such that there is a section 

k: U — > T of the projection L — > L. Choose an open neighborhood U' C cr _1 (J7) 
containing p and consider 

| xj'^-U' X V ; (p,v) ^ (p, (? n o Koa)(p)v) . 

This provides a trivialization of V a over [/' around p G P. The twisting <5 of is 
the restriction of the twisting of A n , that is 

5: iigiTTaK ->ir*Vc, ; A] ® v) = Af n (<?) u 

Indeed, let (p,v) G and [<?>A] G Lt vg -i iP ), then we have 

Ad (r„o CT )( PS -i)-i(i) Af„(p)u = Af„(5)Ad (7 . n0cr)()3) -i(t)f„(g _1 )r„(5) u 

= Af n (p)Ad( TnOCT ) (p )-i(t)« = \r n {g)v . 

Thus, 5(\g, A] (g> v) = (pg^ 1 , \T n {g)v) G and (5 is well-defined. Note that V a 
embeds into A n via a twisted morphism. 

Example 3.6. Let Lj — > Y~/ 2 ' for i G {1, 2} be two bundle gerbes and E — > Y\ be 
a twisted Hilbert A- module bundle for Li. Let F — > Y2 be a bundle gerbe module 
for L2, then we can form the exterior tensor product 

E M F = tt{E <E> tt* 2 F , 

where 7r.; : Y\ — > Yi denotes the canonical projection. This is a twisted Hilbert 
A-module bundle for L\ Kl Li- 

The next lemma is the first step to reveal the connection between twisted Hilbert 
A-module bundles and the if -group K (C(M,A)): Projective, finitely generated 
twisted Hilbert A-module bundles have stable inverses. This lemma is a straight- 
forward generalization of the corresponding result for ordinary Hilbert A-module 
bundles. 
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Lemma 3.7. Let E — s> P be a finitely generated, projective twisted Hilbert A- 
module bundle for a lifting bundle gerbe like in example 3.4, then there exists a 
natural number n £ N and a twisted Hilbert A-module bundle F —¥ P such that 

E(BF A™ 

via a morphism of twisted bundles. 

Proof. Choose a finite open cover IJ ieJ U D M such that there exist local sections 
Ui'.Ui — ► P for the projection map 7r: P — > M. Let Ei = a*E and suppose 
the Ui have been chosen small enough such that Ei is trivializable. Since Ei is a 
finitely generated projective Hilbert A-module bundle, there is a fiberwise A-linear 
isometric embedding 

tpi-.Ei^A^ 

for each i S I, which factors through the trivialization (pi: Ei — > V_, where V is the 
typical fiber of E. Let P\ v . = it~ l (Ui). The sections o~i yield diagonal embeddings 

A,: P\ Vt -». P§ t ; p^(p,o-i(7r(p))) . 

Likewise let E\ v . — p~ 1 (P\ u .), where p: E — s> P denotes the projection map. Let 
7: L ® tt^E -> 71-^ be the twisting of £ and 8: L® ir^A^ ->• TrJA^. be the one of 
A w . Restricting 7 and <5 to the image of Aj we get an A-linear fiberwise isometry 

ipi-. E\ v . - — > A*L ® 7r*£^ — > A*L (g) > A N 



We have to check that each ipi is indeed a morphism of twisted Hilbert A-module 
bundles. Note that 

(Aj o TT2)(p,pg) = (pg,<Ji{Tr(p))) , 
(Aj o ni)(p,pg) = (p,o-i(n(p))) 

for every g GT. Therefore the bundle gerbe multiplication fi: tt^ 2 L ® n^L ~~ ^ ""is-^ 
induces an isomorphism of line bundles 

Hi \ L <E> tt|A*L -)• 7r*A|L . 

By the associativity of the action of L on E and on A N respectively, the top and 
bottom square of the following diagram commute. 



■n\E 



id 1, OS 7r 2 7 



L®n 2 '{A*L®Tr*Ei) - - ' d > 7r*(A*£ ® 7r*.Ej) 



idi id 7T2 77 *<pi 



id 7T^ 7T* 



L <g> tt|(A*L ® A^) / *®' d . ttJ(AJL <g> A^) 



idi 7r? <5 
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Since the composition of the vertical maps on the left and on the right hand side 
correspond to idi ffi TT^ipi and 7r*^i respectively, this proves that ipi is indeed a 
twisted morphism. We can now use a partition of unity hi : M — > [0, 1] subordinate 
to the cover to patch the ipi together to form a twisted morphism: Let k = \I\, 
n = N ■ k and 

(14) V:E^A^ ; v ° P(«)) ' , 

iei 

where ipi is understood as an embedding into the zth summand of A™_ — (J) 7 A N . 
Just as in the case of ordinary vector bundles we take the orthogonal complement, 
i.e. 

F = {(v,p) G AP\ (v, *(«;)> =QVweE p } , 

which comes equipped with a canonical projection map p: F — s> P. Let (•, -) p be 
the ^4-valued inner product in the fiber above p. Since twistings are isometric and 
W is a twisted morphism, we have for v G F p , w G E p , g G T and A,/z G C 

(S k {[g,X}<E>v),-f(-f([g, t i}<E)w)) pg = (5 k ([g, A] ffi v, S k ([g, fj] ffi ®(w))) pg 

= (j,X(v,^{w)) p = . 

From this it follows that S k restricts to jp '■ L ® — > n^F. 

Fix po G P. It remains to show that ^>(E po ) ffi F po — A n , which cannot be taken 
for granted in the case of Hilbert A-modules. Furthermore, we have to prove that 
F is a locally trivial bundle over P. Since both problems are local, we can solve 
them using the same arguments as in the non- twisted case (see [30]). Let J C I be 
the indices of those Uj with po G 7r -1 ([/,■) and let I = \ J\. We define 

U=f)n- 1 (U J )cP . 

je.J 

Let gy. P\y. — > T be the T-equi variant map such that aj(ir(p)) = pgj(p) and let 
V be the typical fiber of E as above. We can apply the construction of example 3.5 
to get twisted Hilbert A-module bundles Vj = V gj over U. Let W = V\ ffi • • • ffi Vj. 
Since the trivializations (pj map E a . (w^)) to V, $ factors over a twisted morphism 

t: E\ v ->■ W 

Let VF^ be the orthogonal complement of W in A^_ — ( A N ) k . W 1 - is a twisted 
Hilbert A-module bundle, since W 1 - = Vj 1 ffi • • ■ © © (A jv ) fc ~' and V^ 1 arises 
from the construction in example 3.5 by exchanging the projection t by 1 — t. From 
this, we also see that W ffi W 1 - = A™_, Let pw : W — > U be the projection and 

F = {io e W | (w, *(a;)> = Vx G S w(l0) } , 

then 

F = F ffi VF^ . 

Since directness of the sum easily follows from positive definiteness of the inner 
product, it remains to show that $(E po ) + F po = W Po . Following the definition of 
^> we have 

*(E po ) = {(Ax Mv), ...,Xl Mv)) G W | v G E po } 

for some A^ G [0,1]. At least one of the Xi does not vanish. Without loss of generality 
we will assume that Ai ^ 0. Since ipj : E\ v — > Vj\ v is a twisted isomorphism, this 
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can be rewritten as 

V(E Po ) = {(x,k 2 (x),...,ki(x)) G W I X G (Vl) po } , 

where Kj ■: Vi\ v — » Vj\ v is denned by re, = \± Xj'tpj o-tp' 1 . Using the fiberwise 
adjoint of Kj, F turns out to be the ^-linear span of UjeJ with 

Bj = j(-K*(t>),0,...,0,^,0,...,0) G W | v€ VjlA . 

To show that ^>(E po )+F po = W Po we have to solve the following system of equations 
vt-n* 2 (v 2 ) = w i 

V 2 + K 2 (v 1 ) = W 2 
Vl + Kl(vi) = Wl 

for Vi G (Vi) Po , which is equivalent to 

vi + Ka( K 2(«i)) H h k*(k/(«i)) = wi+K2( w 2)H l~ K z* (w; ) 

«2 = 102 - K 2 (vi) 
Vl = Wl - Kl(vi) 

and therefore can be solved since 1 + kZ, o k 2 + ■ ■ • + t* ° ^; is a strictly positive 
element in End((Vi) Po ). Concerning the local triviality of F, the map 

F\ v ->V 2 ®---®Vi ; (v!,v 2 ,...,vi) >-)• (v 2 ,...,vi) 

provides a twisted isomorphism from F\ u to V 2 © • • • © V; , because F is spanned by 
the -Bj. Since the latter is locally trivial, F is as well. This finishes the proof. □ 

Definition 3.8. Let A, T and A be as in example 3.4. The category of twisted 
Hilbert A-module bundles over M and twisted morphisms will be denoted by 
TwBun^(Af). A virtual twisted Hilbert A-module bundle is a class of pairs (F + , EJ) 
with E+, F_ G TwBun^M) denoted by E + — F_ subject to the following equiva- 
lence relation: (F + ,F_) ~ (F + ,F-) iff 3G G TwBuru(M) such that F+©F_©G ^ 
F_ © F + © G. K^(M) is the group of isomorphism classes of virtual twisted Hilbert 
A-module bundles. Lemma 3.7 shows that every element in K^(M) can be repre- 
sented by a pair of the form (E, A N ), in which the second entry is trivial. 

Theorem 3.9. The category TwBun_4(M) is naturally equivalent to the category 
of finitely generated projective C {M 1 A) -modules. In particular 

K° A (M) S K (C(M,A)) . 

Proof. Let t G M n (C(M,A)) — C(M, M n (A)) be a projection- valued section of 
M n (A). Since M n (A) corresponds to P x Tn M n (A), t can be identified with a 
T-equivariant map t: P — > M n (A), i.e. t{pg) = Ad Trt ( g )-i(t(p)). Let 

E = {(p, v) G P x A n | t{p)v = v} . 

Choose po G P, let V — t(p )A n and consider $:£^Px7; (p, u) h->- (p, t(p )v) 
and $:FxF^E; (p, v) i—> (p, t(p)v). At po we have o $ — id^ and $o$ - 
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idpxy ■ So, if we think of ^ o <I> as an element in C(P, End(-E)), it is invertible in a 
neighborhood U C P containing po, since invertible elements form an open subset 
in a C*-algebra. Likewise $ o \ff is invertible in some open neighborhood U' C P. 
Thus, $ and ^ are isomorphisms over some open subset U C P containing po, 
which implies that E is locally trivial. Moreover, it carries a twisting of the form 

1 : L®n* 2 E ^ nlE ; 7([<?,A] ®v) = X? n (g)v , 

which is well-defined, since for g € T and v € E p we have 

tipg' 1 ) T n (g) v = T n {g) t(p) T n {g~ l ) ? n (g) v = ? n (g) t(p) v = r n (g) v . 

If on the other hand E is a twisted Hilbert A-module bundle for L over P, then 
by lemma 3.7 it can be embedded via a twisted morphism into A™_ as a direct 
summand, i.e. E -> E © F = A\ Let t G C(P, End(A n )) be the projection to E 
for each point p G P. Since t corresponds to a twisted morphism it descends to a 
global projection valued section of end (A") = C(M,M n (A)). 

It is easy to check that these two constructions are inverse to each other, which 
proves the second part of the theorem, i.e. K\{M) = Ko(C(M, A)). Let FinProj(i?) 
be the category of finitely generated projective Hilbert B-modules for a C*-algebra 
B. To see the natural equivalence 

FinProj(C(M,^)) = TwBuru(Af) , 

fix for every twisted Hilbert A- module bundle E an embedding <fr E : E —> E © F E = 
A nE as a direct summand into A rLB (this involves the axiom of global choice for 
proper classes). Let t E £ C(M, M nE (A)) be the projection valued section from 
the construction above. The functor TwBun^(Af) — > FinProj(C(M, A)) sends an 
object E to the Hilbert C(M, ^-module V E = t E ■ C(M,A nE ). Let E' be another 
twisted Hilbert A-module bundle. A twisted morphism corresponds to a section of 
hom(_E, E'), which embeds into the upper left corner of hom(E © F E , E' © F E > ) . In 
fact, 

C(M,hom(E,E')) ^ t w C(M. hom( A nE . A n& ))tw. 

= t E >C{M,M nE , xnE (A))t B 
£ Hom{V E ,V E ') , 

where the last line denotes the C(M, ^4)-linear adjointable operators. This isomor- 
phism yields the value of the functor on morphisms and our considerations above 
show that it is an equivalence of categories. □ 

Corollary 3.10. If L is the lifting bundle gerbe of a principal PU(n)-bundle and 
K. the associated matrix bundle, then we get isomorphisms 

K° L (M) = K Q K (M) = K (C(M,]C)) . 

Remark 3.11. A slight drawback of the above construction is that the functor 
depends up to natural isomorphism on the choice of embedding E — > A n , whereas 
in the non-twisted case a Hilbert A-module bundle E over M can be send to the 
global sections C(M, E). In case of trivial twisting (i.e. dd(L) = 0) the commutative 
C*-algebra C(M), that is the sections in the trivial bundle M x C -> M of C*- 
algebras provides a canonical realization of the twist, whereas for dd(L) there 
is no such choice of a unital C*-algebra, but only up to Morita equivalence. 
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3.1. Countertwisting and twisted P-homology. Let A be a bundle of C*- 
algebras with typical fiber A associated to a principal T-bundle P like in example 3.4 
and let dd{L) £ H 3 (M, Z) be a torsion element. It follows from proposition 2.1 (v) 
in [2] that in this case there is a bundle of matrix algebras JC over M associated 
to a principal Pf (iV)-bundle P/c such that its lifting bundle gerbe Ljc satisfies 
dd(L)c) — dd(L). By a choice of a trivialization Q of L* Kl Lie it is possible to shift 
the twisting of the algebra A to the matrix algebra JC in the following sense 

Theorem 3.12. Let A, JC and Q be as above, then the following K -groups are 
isomorphic via a Morita equivalence: 

K° A {M) Si K (C(M,A)) = K {C{M,JC) ® A) . 

In particular, the image of [P] G K^(M) in Kq(C(M, JC) ® A) is given by the 
Fredholm module [C(M,Q(S* KIP))], where 

S = P K xC N 

is the bundle gerbe module for Ljc from example 2.17 using the regular representa- 
tion ofU(N) on C N . 

Proof. There is a Morita equivalence between A and Mn(A) = M/v(C) <g) A induced 
by the canonical imprimitivity bimodule (C )* <8>A, which carries a right Mjv(C) £g> 
A- and a left A-action and corresponding inner products. Therefore the fibers 
of S* IE] A over Pjc x m P are Hilbert Mn(C) ® A- modules. By our hypothesis 
dd{L*ML K ) = 0, thus by corollary 2.27 the bundle S*MA descends to V = Q(S*IEL4) 
over M. Since the right action of M/v(C) gets twisted by the adjoint action of U{N) 
in this process, the sections C(M, V) form a right Hilbert C(M,JC) ® A- module, 
where C(M,/C) = C(M,end(S*)) acts only on the S"*-factor of V. Likewise, the 
left action of A on S* M A gets twisted by the adjoint action Ad T after the descend 
and therefore turns C(M, V) into a left Hilbert C(M, A)-modu\e. That this is an 
imprimitivity bimodule can be deduced from the local situation via a partition of 
unity. Thus, C(M, V) induces an isomorphism on P-theory explicitly given by 

K (C(M,A)) -> P (C(M, K ® A)) 

[W] ^ [W® C (M,A)C(M,V)] 

Let t € C(M,M n (A)) be a projection, then, in particular, the homomorphism 
sends tC(M,A n ) to tC(M,V n ). Since every twisted Hilbert ^-module bundle P 
is twistedly isomorphic to one of the form 

tA2. := {(p, v)ePxA n | t{p)v = v) 

(see the proof of lemma 3.7), [P] G P^(M) gets mapped to the equivalence class 
of 

tC{M,V n ) S C(M, Q(S* <g> tA n )) S C(M,Q(S* <E>E)) . □ 

Remark 3.13. Note that L* M L/c is the lifting bundle gerbe of the central S 1 - 
extension 

1 S 1 -> U(N)®t -> Pf/(iV) x L — > 1 
for the principal PC/ (JV) x L-bundle pc XmP, where £/ (AT) ® L denotes the quotient 
of P(A^)xL by the diagonal action of S 1 , i.e. (uz,g) ~ (u, z _1 g) for 5 e L, u e P(-/V) 
and zgS 1 . Since Q is a trivialization of L* M Lfc, there is an isomorphism 
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This induces an action of U(N) <g>L on the principal S^-bundle P — > Pjc Xm P of Q, 
which is compatible with the action of PU{N) x L on P and turns P into a principal 
U(N) ® T-bundle by lemma 2.32. Consider the representation k of U(N)(&T on 
(C^)* <g>4 given by 

[u,g] ■ (£<»a) = (£o U *)®?(g) a . 

The bundle V coincides with the bundle of right Hilbert ^4-modules P x K (C*)* <E)A, 
which could also be used to prove the claims of the last lemma. 

Definition 3.14. A choice of the matrix bundle K. and the bundle gerbe module S 
as in the previous lemma will be called a countertwisting for A. 

3.1.1. Chern character. Let L -t Y^ be a bundle gerbe with dd(L) G P 3 (M,Z) a 
torsion class and equipped with a twisted connection V L . Let F — > Y be a bundle 
gerbe module for L with connection V F . Let / G J7 2 (y) be a closed curving for 
V L , which exists since dd m (L) = (see remark 2.15). As stated in remark 2.23 
we have — f = 7r*w/ for a 2-form uif G f2 2 (M, end(F)). w/ is closed, since / 
was chosen to be closed and tt* is injective. Every invariant polynomial P defines 
a closed form P(ujj) G fP(A/) [6, 33]. 

Definition 3.15. Let cxp (^f) = J2Zo i (^) % A- Am/ G H*(M, end(F)), 

/c times 

then we define the Chern character ch/(F) to be 

ch f (F) = tr ^exp (t^)) e P 2 *(M,R) . 

If L is a lifting bundle gerbe for a flat central extension and V L the canonical 
flat connection, then / can be chosen to vanish. In this case we drop / from the 
notation. 

[21 [2] 

If L\ — > Y{ and L 2 — > Y 2 are two bundle gerbes and Ei for i G {1,2} is a 
bundle gerbe module for Li, then E\ IE] F2 — > ii x m ^2 is a module for Li Kl L2. 
This operation induces a multiplicative operation on twisted i^-theory of the form 

K° Li (M) x Kl(M) -+ Kl iSL2 {M) , 

which has already been observed in the foundational work of Donovan and Karoubi 
in [9]. If Li is equipped with a connection ~SI Li with curvature f^L;, then the cur- 
vature fi^Hi^ of the canonical connection V LlK,I/2 is the sum of the two curvature 
forms. Thus, if is a curving for V Li , then fa + fa is a curving for V i i KIL 2_ 

Theorem 3.16. The Chern character chf yields a group homomorphism K^(M) — > 
H 2 *(M, K) from bundle gerbe twisted K -theory to the even cohomology groups over 
the reals, which is multiplicative in the sense that 

ch h+h {E 1 ME 2 ) = chj^Ei) U ch h {E 2 ) 

for bundle gerbe modules Ei like in the previous paragraph. 

Proof. The first statement is obvious, since connections are well-behaved with re- 
spect to direct sums. The second claim follows from the observation that 

exp A^id^+id^^/JX = exp \ A exp 
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where the wedge product of 77 G VL P {M, end (Si)) and r G f2 9 (M, end(S2)) is defined 
to be 

(i]At)(X u . . . ,X p+q ) = ^2 sign(o-)ry(X CT( i), . . . ,X a(p) )®T(X rj[p+1) , . . . ,X ap+q ) . 

a£S(p,q) 

Since the trace on the fibers of end(Si) ®end(i?2) is the product of the two traces, 
the right hand side evaluates to the wedge product of the forms representing the 
Chern characters ch^(Sj) for i G {1,2}. □ 

In case L is the lifting bundle gerbe of a principal P[/(n)-bundle P and K is the 
matrix bundle associated to P, then we get an induced homomorphism 

ch: K (C(M,K)) -> H 2 *{M,R) . 

This can be used to extend the definition to a Chern character on twisted Hilbert 
^-module bundles, which takes values in the cohomology ring H 2 *(M, Kq(A) (g> R) 
via the Kiinneth theorem of operator algebraic K-theory. More precisely, let A, P, 
K. and Q be as described at the beginning of section 3.1. By theorem 3.12 and the 
Kiinneth formula we have 

K° A {M) ® K = K (C(M, K) ® A) ® K 

s K Q {C{M,K))®K {A)®WL®Kx{C{M,K))®K x {A)®WL, 

where the first isomorphism is induced by the trivialization Q of L* 23 L^. 

Definition 3.17. We define the Chern character of a twisted Hilbert A- module 
bundled — > P depending on a choice of a trivialization Q of L*^L/c as in section 3.1 
to be 

ch Q : K° A {M) -> K (C(M, K)) ® K (A) <g> K -> S 2 *(Af, S (A) ® K) , 

where the first map is the projection to the first Kiinneth summand and the second 
is the Chern character described above applied to the first tensor factor. 

Since the exterior tensor product of a twisted Hilbert yl-module bundle with a 
bundle gerbe module is again a twisted Hilbert A-module bundle in a canonical 
way - a fact that was already exploited in section 3.1 - there is a homomorphism 

(15) K° C (M) x K° A (M) ^ K° mA (M) , (F,E)^F®E 

where C now is an arbitrary bundle of matrix algebras over M. The Kiinneth 
homomorphism is compatible with this multiplication in the sense that the following 
diagram commutes 

K° C (M) x K A (M) 

K (C{M,£)) x K Q {C[M,K)) ®K {) {A) ®R -> K (C(M,1C® £)) ® K (A) ® M 

Since the lifting bundle gerbe L£ also provides a trivialization of L£ Kl which is 
flat, we immediately get the following corollary of theorem 3.16. 

Corollary 3.18. Let C, A, K,, and Q be as above, then the Chern character 
diQ \ K A (M) — > H 2 *(M,M.) is multiplicative in the sense that 

ch LcmQ {F ME) = ch(F) U ch Q {E) . 
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If A is a bundle of C*-algebras such that the associated lifting bundle gerbe L 
has trivial Dixmier-Douady class and if Q is a trivialization of L*, then we can 
choose K = C = L/c in the above. In this case we get 

(16) ch Q (E) = ch(Q(£)) e # 2 *(M, tf (A) ® R) , 

where on the right hand side the Mishchenko-Fomenko Chern Character is used. 
Now suppose that C = K, i.e. the complex conjugate matrix bundle. Then dd(Lc) = 
—dd(Lic) = —dd(L). A trivialization Q of (L L/;)* = L* H Lx; induces now two 
Chcrn characters, which arise from viewing Q cither as a morphism between LMLc 
and the trivial bundle gerbe or as a morphism between L and Ljq 

ch Q : K° mA {M) -> ff 2 *(M, Jf (A) ® R) , 

ch icBQ : tf^M) -> H 2 *(M, K (A) ® R) . 

Corollary 3.19. TTie iwo Chern characters described above agree. In particular, 
we get for £ with dd(L c ) = -dd(L) and [F] G K%{M), [E] G if^(M) 

ch(Q(F H £)) = c/i Q (P 8B)= c/ lL£HQ (F H £) = c/i(F) U chg(E) . 

Proof. As in the previous paragraph we set K, = C. Note that C(M, K, ® C) and 
C(M) are Morita equivalent via the imprimitivity bimodulc C(M, K.) and the Chern 
character on Kq{C(M,K, (g> £)) = -ftT^^M) agrees with the one on if°(M), since 
the bundle gerbe Lyc ^ Lc has a flat trivialization. In the following diagram 

K° C ® A (M) ^— > K (C(M,A)) ^— > ff 2 *(Af,^ (A) ®R) 

(3) 

Ko(C(M, K,®C®A)) # 2 *(Af, # (A) ® R) 

the maps (4) and (5) arise from the Kiinneth splitting and the Chern character on 
K°(M) and K^ 9C respectively. (3) is given by applying the Morita equivalence 
described above. Thus, the right hand square commutes. Checking the Morita 
equivalences that induce the maps (1) and (2) it is clear that the left hand square 
commutes as well. The upper horizontal arrows now yield cIiq, while the lower 
composition is ch^q and the corollary follows. □ 

Remark 3.20. With minor changes, which are complete analogues of the non- 
twisted case [16], we can define twisted iC-groups for non-compact manifolds and 
relative if-groups K A (M, N) for a closed subspace JVcMas well. The latter will 
consist of triples [E,F,a], where E and F are twisted Hilbert A-module bundles 
over M and a G Cb(M,hom(E, F)) is a morphism of twisted Hilbert A-module 
bundles, which is an isomorphism over N. Choosing an appropriate bundle of 
matrix algebras K, over M, there still is an isomorphism K A (M, N) = K^ A (M, N). 
In case E and F are bundle gerbe modules with [E, F, a] G K^(M, N), we can define 
a Chern character, which takes values in the corresponding relative cohomology 
groups. To do so, we have to choose twisted connections V E and V F such that V E 
agrees with a -1 o V F o a in a neighborhood of N. This can always be achieved by 
an appropriate deformation of an arbitrary connection on E. Now define 

ch([E, F,a])=tv( exp ( ) tr ( exp ( G H 2 * (M, N; R) 



TWISTED -THEORY AND OBSTRUCTIONS AGAINST PSC METRICS 



27 



The Runneth theorem for if-theory then allows us to define a Chern character 
with values in H 2 *(M, TV; K (A) ® R) just like above preserving all the properties, 
in particular its multiplicativity. 

3.1.2. Chern character and traces. In many applications the C*-algebra A under 
consideration comes equipped with a trace r : A — > C, i.e. with a continuous positive 
linear functional with the trace property, r induces a trace ry on the adjointablc 
endomorphisms End(y) of any finitely generated projective Hilbcrt A-module V 
by the following construction: We have 

(17) End(y) = IC(V) = V <8>a 1C{V, A) , 

where K.(V, W) and IC(V) denote the compact A-lincar operators. On elementary 
tensors we therefore define Tv{v®T) = t(T(v)), which is easily seen to extend to a 
trace on End(V). In the case V — A n we have ry = tr ® r on End(F) = M n (A) — 
M n (C) ® A. 

Now let E be a twisted Hilbert A-module over P with respect to a lifting bundle 
gerbe L. Throughout this and the next section we will assume that L has a flat 
connection V L . Since end(-E) is associated to P via the adjoint action of T on 
End(V), the trace extends to a map on end(-E)-valued forms, which we will also 
denote by t. Thus, with a trace at hand there is a more direct approach to the 
Chern character. Let V E be a twisted connection on E. It induces a connection 
V* on the bundle Hom(E,A) in such a way that d(ip(u)) — (V*cp)(u) + tp(V E u) for 
ip e C°°(P, Rom(E, A)) and u £ C°°(P,E). Using the isomorphism (17) we get a 
connection V on the bundle end(E) in such a way that if we interpret a section of 
end(-E) as a section of End(-E) over P we have V E (ip(u)) = V(ip)(u) + ifj(V E (it)) for 
ip G C°°(M,end(E)). The connection V can be extended to forms by demanding 
the graded Leibniz rule as usual. 

Lemma 3.21. If t is the trace extended to end(E) -valued forms over M, then 

dr(uj) = r(Vw) 

for an arbitrary connection V on end(E) induced by a twisted connection V E on E 
as described above. 

Proof. The proof of this result is contained in [30, lemma 4.1.35]: We can identify 
il k (M, end(-E)) with horizontal fc-forms f^ or (P, End(-E)) and restrict to elements 
uj G Q£ or (P,End(.E)), which are of the form u = an® ^ for a £ f2£ or (P),u G 
C°°(P,E),ijj G C°°(P, Hom(E, A)) by a partition of unity argument. Now 

V(w) = dau®i> + (-l) de8(<,) a(V B ««^ + M® V*ip) . 

Taking the trace yields: 

r(V(w)) = r(da ij}(u) + (-l) dcg ( Q >a {ip{W E u) + VV(«))) 

= r(da i/>(u) + (-l) dcg(Q) a d(ip(u))) = d(r(a ip(u))) . □ 

Definition 3.22. Let M be a compact smooth manifold and E be a twisted Hilbert 
A-module bundle over a principal T-bundle P — > M with a twisted connection V B 
that has curvature FIe G fi 2 (M, end(E)). It follows from [30, lemma 5.2] together 
with lemma 3.21 that 

r ( exp (lr)) e " cvcn(M) 
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is a closed form, which is independent of the choice of twisted connection. Its 
cohomology class ch T (E) is called the r-Chern character of E. Similar to the 
construction noted in remark 3.20 there is also a corresponding r-Chern character 
for non-compact manifolds. 

Remark 3.23. If we view bundle gerbe modules as twisted Hilbert M„(C)-module 
bundles, then the Chern character for / = described in definition 3.15 corresponds 
to ch Tl , where t\ is the normalized trace on M n (C), i.e. Ti(T) = — tr(T) for T G 
M„(C). 

To explain the connection between chg and ch T we need the following concept. 

Definition 3.24. Let V be a finitely generated projective right Hilbert A- module. 
Its dimension is defined to be dim T (V^) = Ty(idy), where Ty is the extension of r 
to End(V) like above. If V = tA n for some projection t G M n (A) = M„(C) ® A, 
then dim T (V) = (tr ® f)(t). dim T yields a well-defined map Kq(A) — >• R. 

Theorem 3.25. Let L be a bundle gerbe with dd(L) torsion, let K. be a bundle of 
matrix algebras with dd(L/c) — dd(L) and let Q be a trivialization of L*MLjc- Then 
we have 

(18) dim T (ch Q (E)) = ch T (E) U ch(Q) G H even (M, R) , 

where ch{Q) is the Chern character of Q as a bundle gerbe module for L* M Ex.- 

Proof. Just like in the proof of theorem 3.16 it follows that ch T is multiplicative 
with respect to the product (15), i.e. that for a twisted Hilbert A-module bundle 
E and a bundle gerbe module F we have 

ch T (i; ®F) = ch T (E) U ch(F) . 

Now consider the case A = /C (g> A with trace t\ ® r on M n (C) ® A and Q = C. If 
F is a bundle gerbe module for L/c and V is a finitely generated projective Hilbert 
A-module, then ch £ (F O V) = ch(F) eg) [V] € H cvcn (M, K (A) ® R). Observe that 
for the trivial bundle V_ we have ch r (y) = dim r (F). Thus, 

ch T (F jg) V) = ch r (F 8 7) = ch(F) U ch T Q0 = dim T (F) ch(F) . 

Thus, it remains to be checked that ch T vanishes on the second summand in the 
Kunneth decomposition. We can identify K]^(M) with K®* K (Rx M). Likewise we 

can represent classes in K 1 (A) as compactly supported virtual Hilbert A- module 
bundles over R. If F = (F + ,F-,ip) represents an element in K®* £ (lx M) and 
W = (W+,W-,ip) an element in K (Co(M., A)), then the graded tensor product 
FMW yields an element in K°» iKlS)A (R 2 x M) and Bott periodicity maps it to 

b{[FM W]) € K^ A (M). It is a consequence of the multiplicativity that ch T (X) = 
ch T (b(X)) U e, where e G i?^(R 2 ,R) = R denotes a generator and X is a triple 
representing a class in K®* /c®a(^ 2 x Thus, 

ch T {b(F M W)) Ue = ch r (F Kl W) = ch(F) U ch T (W) = 

since ch. T (W) G £f® ven (R,R) = and we have proven (18) in this special case. For 
the general case just note that 

dim T (ch Q (£)) = dim r (chc(Q(£))) = ch T (Q(£)) = ch T (^) U ch(Q) 

since the curvature of the induced connection satisfies Qq(e) = ^e + Qq- O 
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3.1.3. Twisted bundles and local C* -algebras. Throughout the last sections we have 
rarely used the completeness of the C*-algebra A or the corresponding modules. 
For calculations it is often desirable to weaken the completeness assumption. For 
example, we may not have a trace on A, but just on a dense subalgebra B <Z A as 
it is the case for A = K and B the trace class operators. Local C*-algebras as in 
[5] provide the right framework for this. In the non-twisted case the corresponding 
observations can be found in [30]. 

Definition 3.26. A local C* -algebra is a *-algebra B equipped with a pre-C*-norm 
such that M n (B) is closed under holomorphic functional calculus for all »6N. 

As a direct consequence of the definition we see that algebras of sections inherit 
the locality property from the fiber: Let B be a unital local C*-algebra, P be a 
principal T-bundle over the compact manifold M together with a homomorphism 
T — > U(B)/U(l). Let B = P XAd B be the associated bundle of local C*-algebras, 
then C(M, B) is a local C*-algebra as well. If A is the C*-completion of B and 
A = Px Ad A, then C(M, A) is the C* -completion of C(M, B). A right B-module is 
called finitely generated and projective if it is isomorphic to one of the form t B n for 
a projection t G M n (B). Observe that End(tB n ) = tM n (B)t is a local C*-algebra 
with completion End(tA n ) = tM n (A)t. The definition of the groups K$(B) and 
K\[B) is now just like in [5]. 

This enables us to define twisted (inner product) i?-module bundles replacing 
Hilbert A- modules in definition 3.1 by finitely generated projective inner product 
B-modules. Taking the Grothendieck group of the isomorphism classes of such 
gadgets yields an abelian group K^(M) and we set Kg(M) — K^(R x M) (see 
remark 3.20). Given a twisted B- module £, the fiberwise inner product £ ®b A 
yields a twisted Hilbert A-module bundle. Thus we get a homomorphism 

(19) K° B (M) -y K° A {M) . 

The proofs of lemma 3.7 and theorem 3.9 rely completely on holomorphic functional 
calculus for algebras of the form End(V) for a finitely generated projective Hilbert 
A- module V and the fact, that the group of invertible elements forms an open 
subset inside a C*-algebra. The latter is still true for local C*-algebras. Thus, we 
gain an isomorphism 

K° B (M) = K (C(M,Bj) 

which is natural in M. This immediately implies that (19) is an isomorphism as 
well. Let L, L/c, Pic and Q be as in section 3.1. Note that the exterior tensor 
product S*ME with S = Pic x C N involves no completion at all. Therefore shifting 
the twist to matrix algebra bundles like in theorem 3.12 still works for twisted 
-B-module bundles and maps £ to Q(S* Kl £ ), i.e. there is an isomorphism 

K%{M) s K° mB (M) <* K (C(M, fC ® B)) , 

but note that C(M,K®B) is in general not isomorphic to C(M)®B. Nevertheless, 
there still is a Bott map b : K%(M) -> K°, B (R 2 x M) (with ttm :R 2 xM^M being 
the projection). It sends a twisted £?-module bundle E to the triple [n^E, n* M E : ip], 
where ip is the map that multiplies each fiber with x + iy for (x, y) £ M 2 (see re- 
mark 3.20 for the definition of such triples). The commutativity of 
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K%{M) — ^ K°. B (R* x M ) 



K° A {M) > K°, mA (R 2 x M) 

shows that it is an isomorphism. Likewise, there is a Kiinneth homomorphism 

K° K (M) ® K (B) ® R © X)c(M) ® Ki(B) <g> R ^ 8B (M) ® R 

that just involves algebraic tensor products in the fibers. A diagram chase similar 
to the one above shows that it also turns out to be an isomorphism. This finally 
enables us to define ch Q : K%(M) -> H even (M, K (B) ®R), such that the following 
diagram commutes: 

Xg(M) % H cvcn (M,K (B) <E> R) 



if°i(M) > H CVCU {M, K (A) <g> R) 

where the vertical maps are induced by £ — > £ (S>b A. 

Suppose now that B is a unital local C*-algebra carrying a trace r. Let V be 
a finitely generated and projective B-module. Because the endomorphisms of V 
coincide with the finite rank operators, we still have 

End(V) V ® B Hom(V, B) , 

where the tensor product is a quotient of the algebraic tensor product. Thus, we 
can repeat the constructions in section 3.1.2 to define ch r : Kg(M) —> H even (M,M) 
and dim r : Kq(B) — > M. Now the proof of theorem 3.25 applies to the new setting 
as well and we have 

(20) dim r (ch Q (£)) = ch r (£ ) U ch(Q) . 

3.1.4. Generalized projective Dirac operators. Let E be a twisted Hilbert A- module 
bundle over a principal L-bundle tt: P — > M for a bundle gerbe L. A section of 
E over M should correspond to a L-equivariant section of E — > P, which does 
not exist exactly due to the twisting. It therefore seems impossible to give a good 
notion of pseudodifferential operators acting on E, although it is straightforward 
to give a good notion of what their symbols should be as has already been noticed 
in [20]. Note that w*T*M embeds into T*P as those covectors, which vanish on 
vertical vector fields generated by the group action of L. 

Definition 3.27. Let D : C°°(P,E) -> C°°(P,E') be a first-order differential ope- 
rator. If the restriction of the principal symbol <7d : T*P — > Hom(_B, E') of D to 
the subbundle n*T*M is L-equivariant, i.e. descends to an - T*M — > hom(E, E'), 
then D will be called descending. 

Definition 3.28. Let E be a Z/2Z-graded twisted Hilbert A-module bundle with 
connection V E such that the twisting and the connection preserve the grading. 
Moreover, let V T M be a connection on T*M — > M. A twisted bundle morphism 

c: T*M -> end(E) 

will be called a Clifford symbol if the following conditions are satisfied: 
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• it takes values in the anti-self-adjoint (c* = — c), odd part of end(E) 

• it squares to the symbol of the Laplace operator, i.e. 

c(£) 2 = -||£|| 2 id B 

• it satisfies the following product rule with respect to V B : 

Vf (c(0 u) = c (v T ;j t)u + c(0 (Vf U ) 

for a section u: P ->• E and X € T p P, £ 6 T* {p) M. 

A descending first-order differential operator will be called generalized projective 
Dirac operator if its symbol (as a map T*M end(E)) is Clifford. 

Example 3.29. Every Clifford symbol c: T*M — >• end (23) gives rise to a gener- 
alized projective Dirac operator D having c as its principal symbol. To see this, 
choose a twisted connection V on E and a connection on the principal bundle 
tt: P -> M. The latter yields a projection T*P -> n*T*M. The operator 

L>: C°°(P,E) C°°(P,E®T*P) -> C°° {P, E ® %*T* M) C°°(P,E) 

is descending with principal symbol c. Since the twisting preserves the grading, 2? 
splits as E = E + and the odd operator D decomposes correspondingly into 




Suppose E is a twisted Hilbert A- module bundle over Pi for the bundle gerbe L\. 
Take another bundle gerbe L 2 with dd(L\) — dd(L2). Choose a trivialization Q of 
L<z- Moreover, suppose Li is equipped with a connection V Li and Q carries 
a bundle gerbe module connection for the induced one on L* M Li- Note that 
end(-E) = cnd(<5(£')). Therefore a choice of connection on the principal bundle Pi 
enables us to define the transferred Dirac operator via theorem 2.29 by 

DQ:C°°(P 2 ,Q(E)) V ^ ) C 0O (P 2 ,Q{E)^T*P 2 )^C 0O (P 2 ,Q(E)®tt*T*M) 

C°°(P 2 ,Q(E)) 

Remark 3.30. Due to the projection from T*P to w*T*M these generalized Dirac 
operators are not elliptic. However, they are transversally elliptic with respect to 
the subbundle n*T*M C T*P in the sense of Atiyah [3]. In the case of twisted 
Hilbert A- module bundles for a matrix algebra A = M n (C), i.e. ordinary bundle 
gerbe modules, these operators have been studied by Mathai in [21]. 

As in the untwisted case, we can twist a projective Dirac operator D on the 
twisted Hilbert A-module bundle E for L\ over P\ with a bundle gerbe module 
F — » P 2 for L 2 . Indeed, if X7 E is a twisted connection on E and V F a corresponding- 
one on F, there is an induced connection \7 E ^ F on the twisted Hilbert ^4-module 
bundle E M F -> Pi x M P 2 - Moreover, end(E IE F) = end(E) (g) end(F), therefore 
c ig) idp is a well-defined Clifford symbol. Hence, replacing V £ by and c 

by c Cg) idi? we get another projective Dirac operator, which we will denote by D F . 
Likewise, we can of course just switch the roles of the twisted Hilbert A-module 
bundle E and the bundle gerbe module F and twist a projective Dirac operator 
acting on sections of F with E resulting in D E . 

Combining both procedures we can now use a countertwisting to reduce projec- 
tive Dirac operators to ordinary ones as follows. Suppose D is a projective Dirac 
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operator acting on sections of the twisted Hilbert A-module bundle E for L\ with 
dd(L\) torsion. Choose a matrix bundle K, with associated lifting bundle gerbe L2 
such that dd{L,2) = —dd(Li). Let n be such that M n (C) is the fiber of tC and set 
S = C" , By the above we get 

D s :C ca {P 1 x M P2,S®E)^C°°{P 1 x M P2,SME) 

and choosing a trivialization Q for L\ M L2 we end up with 

d s,q. c°°{M,Q*(SME)) -> C°°(M,Q*(SME)) 

which is now an ordinary generalized Dirac operator with principal symbol ids ® c. 

3.1.5. Classes in twisted K -homology. Just as ordinary non-projective Dirac oper- 
ators acting on Hilbert A-module bundles yield classes in the fC-homology group 
KK(C(M),A), the projective Dirac operators for torsion twists can be used to 
define classes in twisted if-homology with coefficients in A, which we define to 
be KK(C(M, /C), A) for a bundle of matrix algebras JC. In the case of Clifford 
bundles this has been studied by Murray and Singer in [24]. Before we state our 
construction of the twisted if-homology class associated to a generalized projective 
A-linear Dirac operator, we need some preliminaries from the theory of unbounded 
operators on Hilbert A-modules. 

Definition 3.31. Let V,V be Hilbert A-modules. A densely defined operator 
T: V V with densely defined adjoint T* : V -> V is called regular if 1 + T*T is 
surjective or equivalently if its graph G(T) is orthocomplemented. 

As the next lemma shows, which is proven for example in proposition 21 of 
[34], generalized projective Dirac operators belong to the particularly nice class of 
regular ones. 

Theorem 3.32. Let D be a generalized projective A-linear Dirac operator acting 
on sections of the twisted Hilbert A-module bundle E countertwisted by a bundle 
gerbe module S (as before we can switch the roles of E and F and the theorem 
remains valid). Let Q be a trivialization. Then, D S '® extends to an unbounded, 
self-adjoint, regular operator on the Hilbert A-module L (Q*(S ME)) of square 
integrable sections: 

D S Q : L 2 {Q*{S m E)) — ► L 2 (Q*(S ® E)) . 

Regular operators can be turned into bounded adjointable ones by the Worono- 
wicz- (or bounded-) transform [18]: 

T ^T(1 + T*T)-^ . 

Now fix a countertwisting S for D. By the argument given in the proof of theo- 
rem 3.12, we can equip L 2 (Q*(S M E)) with a left action of C(M,JC), i.e. there is 
a homomorphism: 

tptc : C(M, JC) — > End(i 2 (Q*(5 IS E))) . 

which is induced by the canonical left action of M n (C) on S. Since we assume S 
to be graded trivially, ipjc maps into the even part of the endomorphisms. 

Theorem 3.33. Let D be a generalized projective Dirac operator and let S be a 
countertwisting for D, JC = end(S') be its twisted endomorphism bundle and Q a 
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trivialization. There is a Fredholm module representing D s ® in KK-theory defined 
by: 



[D S < Q ] = L 2 (Q*(SME)),<p K ,D s > Q (l + (D S ' Q 



i -\ 

,2\~2 



G KK(C(M,K.),A) . 

Proof. A Fredholm module [H,ip,T] G KK(B, A) has to satisfy [T,<p(b)] 6 )C(H), 
(T 2 - l)tp(b) G and (T - T*)^(6) G for all 6 G b. In our case 

T = D S 'Q ( 1 + (D S ' Q ) 



Since T is self-adjoint and 1 — T 2 is the extension of ^1 + (_D S ^) 2 ^ , which is 

compact, the latter two conditions hold. Let p G M and ei G T P M be a orthonormal 
basis at p, denote by e* the dual basis of T*M . For / G C°°(M, 1C) the commutator 
at the point p is 

[D s < Q ^ K (f)} =-X>( e ;)EMv£/) > 

i.e. the commutator is a bounded (zero-order) operator on L 2 {Q*{S E3 i?)). Now 
we apply a technique used in the classical case in [4] and explained in detail for the 
C*-algebra case in [7] (see also [30, 5]). We can express T by the integral: 

T= - l°° D S >Q ([D s ^f + 1 + A 2 "| ~* d\ , 



TV 



II 



where Tu converges in norm if u G H 1 (Q*(S ME)) - the first Sobolev space of 
sections. Apply [T,^ 1 ] = -S'^T, S]S- 1 to get: 

P>/c(/)] = -/ K((l + A 2 )p s 'fl, W (/)]-i)^[]) s '« W (/)]D s *)M 
K = 



((l^ + l + A 2 )" 1 



The bounds \\D S ^K\\ < C{d + X 2 )-? and \\K\\ < (d + A 2 ) -1 proven by Bunke 
in [7] for positive constants C and d show that the commutator integral actually 
converges in norm. Since D S ^K is compact and \D S '®, <£>jc(/)] is bounded, the 
term under the integral sign is compact, therefore the commutator [T,ipjc(f)] is as 
well. □ 

The classes [D s ^] G KK(C(M, /C), A) and [E s ^] G KK(C, C(M, K ® A)) in- 
teract very nicely with respect to Kasparov's intersection product as we are going 
to show in the following paragraph. First, we need to consider the case of trivial 
twisted bundles. Let Ai for i 6 {1, 2} be two bundles of C*-algebras like in exam- 
ple 3.4 with associated lifting bundle gerbes Li for the groups r,. Suppose that 
dd(Li) = —dd(L 2 ) and that both classes are torsion. Choose a bundle of matrix al- 
gebras /C associated to the principal PU (n)-bundle P with bundle gerbe L, such that 
dd(L) = dd(Li). Let S = C™_ be the canonical bundle gerbe module for L. Choose a 
trivialization Qi for L\ML and Q2 for L*ML<2- Let Q12 = Q2°Q\ be their composi- 
tion (see remark 2.30). Let Vi = Qi(S*l£L4i) and V 2 = Q 2 (SMA 2 ). The continuous 
sections C(M,Vi) form a C(M, A\)-C(M, K®A\) bimodule. Likewise, C(M,V 2 ) 
is a C(M, /C(g) A 2 )-C(M, A 2 ) bimodule. Finally, let V12 = Qi2( ^4i g> A 2 ), where we 
take the minimal tensor product (in fact, in all our applications one of the involved 



34 



ULRICH PENNIG 



C*-algebras will be nuclear). The sections C(M, V12) form a C(M, Ax ® A2)- 
C(M,Ai ®A 2 ) bimodule. 

Lemma 3.34. With Vi and V12 as above there is a Hilbert bimodule isomorphism: 

C(M, Vi) 8 0(W C(M, V 2 ) ® A x -A- C(M, V 12 ) 

where the tensor product is the inner one taken over the inclusion C{M,K,)d5i Ax — > 
C{M,K®A 2 )® Ax. 

Proof. Note that there is an isomorphism of Hilbert A\ <Ei A 2 -A\ ® A 2 bimodules 
given by 

* : (C n * ® Ai) ®M n (C)® J 4 1 (C™ <8> Ai ® A 2 ) — >■ Ai ® A 2 

(£ ® ai) ®m„(C)<8iA 1 ® a'i a 2 ) i-> £(«) aiai ® a 2 

which is equivariant for the actions of I\ given by 73 (see example 3.4) and £/(n) in 
the following sense 

#((fi(si)ai ® £oT*) ® (Tu(8) ai ® r 2 (<? 2 )a 2 )) = Ti(gi)aia[ ®T 2 (g 2 )a 2 

for s r,-, T £ U(n). Therefore *S? intertwines the actions used to define Vi, V 2 
and V12 as long as the trivializations used for the fibers of S and S* are dual to each 
other. This way, we get a fiberwise bimodule map on the algebraic tensor product 
over m G M 

(Vi) to ®]£ 8j4i (V 2 ) ro ®Ai^(Vi®V 2 ) m , 
which induces a bimodule map on the sections via 

C(M,V 1 )®%f M>mAi C(M,V 2 ®A 1 ) -> C(M, Via) 

/®/j i-> (a: H- *(/(a:) ® /i(a;))) . 

A small calculation shows that this is an isometry onto a dense subset of C(M, Vi 2 ). 
Therefore it extends to a Hilbert bimodule isomorphism as stated. □ 

The case of nontrivial projective twisted bundles is easily deduced from the 
previous lemma. We need the following instance of it. 

Corollary 3.35. Let Ei — > Pi be finitely generated projective twisted Hilbert A4- 
module bundles and S be a countertwisting for E 2 like above. Then there is an 
isomorphism 6 of right Hilbert Ai ® A 2 -modules: 

9: C{M,Qx(S*®Ex))® v L 2 {M,Q 2 {S m E 2 )) ® A l —t L 2 (M, Qi 2 {E x M E 2 j) . 

where ip: C(M, K) ® Ax -> End(L 2 (M, Q 2 (S E E 2 )) ® Ax) is given by left multipli- 
cation. 

Proof. In case Ei — Ai the statement is a direct consequence of the previous lemma 
and the observation that 

C(M,V 2 «)A 1 )® c(M ^ 28Al) L 2 (M,A 2 ® Ax) = L 2 (M, V 2 ) ® Aj 
C(M,V 12 )® c(M ^ Al} L 2 (M,A 2 ®A 1 ) = L 2 (M, V12) 

as C(M, Ax ® A 2 )-Ax ® A 2 bimodules. In the general case we have projections 
< s : G C(M,M fci (A)) such that Qx{S* JS Ex) = tiVf 1 and Q 2 (Sa£ 2 ) = ^V 2 2 , 
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where the fiber of UV^' over m 6 M is spanned by the image of U acting on V i *. 
Note that (i x ® t 2 )V^' k2 = Qi 2 (£i H £ 2 ), therefore 

C(M, Qx(5* IS E x )) ® v L 2 (M, Q 2 {S Kl £ 2 )) ® A x 

CCM^Vf 1 ) ^(m.k)®^ i 2 (M,i 2 V 2 fc2 ) ® Ax 

(ti ® i a ) C(M, V! fel ) ®c(m,k)0A 1 ^ 2 (M, V 2 fc2 ) ® Ai 

(ti®i 2 )L 2 (A/,V 1 fc 2 1 - fe2 ) S L 2 (M,Q 12 (.E 1 E.E 2 )) . □ 

Now we are able to prove the result alluded to in the introduction of this chapter. 

Theorem 3.36. Let D be a generalized projective Dirac operator acting on a bundle 
gerbe module E 2 — > P 2 . Let S be a countertwisting and Q 2 be a trivialization of 
S Kl E 2 . If Ei — > P\ is a finitely generated, projective twisted Hilbert Ai -module 
bundle such that dd(Pi) = — d<i(P 2 ) with countertwisting S* and trivialization Qi, 
then: 

[E S i' Ql ] ®c{M,K) I^ Q2 ] e KK(C,Ai) SS ^(Ax) 

is i/ie dass representing the Mishchenko-Fomenko index of D El '® 12 , where Q12 is 
the trivialization induced by Qi and Q 2 . In particular, the intersection product only 
depends on the choices of trivializations involved and not directly on the counter- 
twisting. 

Proof. It suffices to show that the intersection product coincides with the Fredholm 
module: 



(21) 



L 2 (Qi 2 (Ei H Ei)), D E ^- (l + {p E ^f) ' 



The isomorphism KK(C, A\) — > Kq(Ai) is defined by taking the Mishchenko- 
Fomenko index of the odd part of the operator involved, but since the latter is 
not changed under composition with invertible bounded operators, the index of 
D Ex,Qx, . h s (M,Qi 2 (Ei E E+)) -> fT a - 1 (M, Qi 2 (J5i M E 2 )) coincides with that 
deduced from (21). Set 

F = D E ^- (l + {D E ^f)~ h , F 2 = D s ^ (l + {D s ^ 

We prove that F is an _F 2 -connection from which the above assertion will follow, 
since our representative of [E-± ] contains the zero operator. Using the isomor- 
phism 6 from corollary 3.35, we form an operator 

T Ul : L 2 (M, Q 2 (S M E 2 )) ® Ai — > L 2 (M, Qi 2 {E\ IEI E 2 )) ; u 2 H- 0(ui ® M 2 ) 

for every Hi € C(M,Qi(Ei IE 5*)). By definition _F is an ^-connection if 

T UI o F 2 — F o T Ul £ Hom(L 2 (Af, Q 2 (S H £ 2 )) ® A 1? L 2 (M, Q 12 (S 1 H £ 2 ))) 

is a compact Ax-linear operator. It suffices to show this for smooth sections U\ G 
C°°(M, Qi(Ei M S*)), since the latter is a norm-dense subspace of the continuous 
sections, the operator U\ 1— > T Ul is norm-continuous and compact operators are 
norm-closed. For ui € C°°(M,Qi(Ei M S*)) we have the following commutator 
identity, which holds (at least) on C°°(M, Q 2 (S Kl £ 2 ) ® Ai) 

(22) T U1 ofl s * -D El ' Ql2 oT Ul =-^T }i c{e*) =: -S 
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with fi — Ve; 1 Mi, where c denotes the symbol of D. The right hand side of 
(22) is a bounded operator. Now the proof runs along the same lines as the one 
given in theorem 6.22 in [30]. Set 

k 1 (\) = ({d e ^) 2 +\+\ 2 y 1 , K 2 {\) = ({D s ^) 2 +i+\ 2 y 1 . 

Replacing F and F 2 by their integral representation introduced in theorem 3.33, 
we have that up to compact operators: 

T Ul oF 2 -Fo T U1 

= / {T Ul K 2 {X)D S ' Q2 — K 1 (X)T Ul D s,Q2 )d\ 
Jo 

= jH*i(A) ((D E ^) 2 T U1 -T U1 (D s ^) 2 ) K 2 (\)D s ^d\ 

= / Ki(X) (D El ' Ql2 S + SD s ^ 2 ) K 2 (\)D s > Q2 d\ 
Jo 

Since Kx{\), Ki(X)D EuQl2 and K 2 (\)D S 'Q 2 are compact and D s ^ 2 K 2 {\)D S ^ 2 
is bounded, the integrand is compact. The estimates 

||tfi(A)|| < (di + A 2 )" 1 , ||^i(A)^^|| ^^(rfx + A 2 )-^ 
\\K 2 (X)D S ^ 2 \\ <C 2 (d 2 + \ 2 )-^ , \\K 2 (X)(D S 'Q 2 ) 2 \\<C 2 

proven by Bunkc in [7] yield the convergence of the integral in norm, finally showing 
that the commutator is a compact operator. □ 

Remark 3.37. We could of course rephrase the above theorem for D acting on 
sections of a twisted Hilbert A 2 -module bundle and some bundle gerbe Ei or even 
for two twisted Hilbert Ai-module bundles, where the index then would take values 
in Kq(Ai <8> A 2 ), but we won't need this in the applications. 

The decomposition of the index in twisted if-theory directly yields a nice proof of 
the following naturality result, which will play an important role in the application 
presented in the next chapter (compare with the untwisted case presented in lem- 
ma 3.1 in [13]). 

Corollary 3.38. Let D be a generalized projective Dime operator acting on a 
bundle gerbe module E 2 and let E\ be a twisted Hilbert Ax-module bundle. Given 
a C* -algebra homomorphism ip : A\ — > B± define the twisted Hilbert B\-module 
bundle Fx via 

Fx = E x ® v B x . 

Then: ^([D^ 1 ^ 12 ]) = [D Fl ^ 12 ], where <p* : K (Ax) — > K (Bx) denotes the 
induced map on K-theory and Q± 2 is a trivialization. 

Proof. Choose a countertwisting S and trivializations Qi, such that Qi 2 = Q 2 o Qx 
(see remark 2.31). Applying ip* to [E 1 ' ( ^ 1 ] yields 

(idc(A W ®^*)[£f' Ql ] = [C(M,Qi(S* M Ex)) ®\a® v #i,0] 

= [C(M,Qx(S* H {Ex <E> v Bx))),0] = [Ff'® 1 ] . 
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Therefore, by naturality of the Kasparov product, we get 

= ((idc(Af, K ) ® <P*)[E?> Ql }) ® C {M,K) [D S ' Q2 ] 
= [F?< Ql ] ® C (M,K) \D S ^] = [D F ^] . 

4. Index obstructions against psc metrics 

In this section we will decompose the index invariant developed by Stolz for 
manifolds with a spin structure on the universal cover [31] into a pairing of a twisted 
-RT-theory with a twisted -fT-homology class. Let (M,g) be a closed orientable 
Riemannian manifold of even dimension with Levi-Civita-connection V = V™ and 
a spin structure on the universal cover. The Riemannian curvature transformation 
is defined to be 

R £ fi 2 (A/,End(TM)) , R(U,V)W = Vu\7 v W - VyVuW - V [UjV] W = V o V , 

where the second definition uses the obvious extension of the covariant derivative 
to forms via the Leibniz rule. The simplest invariant obtained from R is the scalar 
curvature k defined by 

n 

«(m) = - (R(ei,ej)e h ej) , 

where the ej form an orthonormal basis of T m M - a choice, on which the value 
of k does not depend. Let P = Pso be the bundle of oriented frames in TM and 
denote by L spin the lifting bundle gerbe associated to the central ^-extension 

1 S 1 -> Spin c (n) SO(n) -> 1 

like in example 2.3. Let S — > P be the Z/2Z-graded spinor module for L sp i n 
from example 2.17. Let 7750 £ il 1 (P,so(n)) be the connection form of V™. 
The latter induces a twisted connection V s on S as described in example 2.24. 
Note that end(S') coincides with the complex Clifford bundle C£(M) over M. Let 
f:M—t TM be a vector field. It acts on a section a of S via Clifford multiplica- 
tion C°°(M, C£(M)) x C°°(P, S) -> C*°°(P, S), which will be denoted by a dot. V s 
satisfies the following Leibniz rule 

V s (f-a) = (V™f)-a + f-V s a. 

Thus, there is a Clifford symbol 

c: T*M TM — > C£(M) = end(S) 

in the sense of definition 3.28 and a projective Dirac operator D : C°°(P,S) — > 
C°°(P, S) (using i]so as the connection on P). Let p e P with 7r(p) = m £ M and 
let ej £ T m M be a local orthonormal frame, then D takes the form 

(IV) (p) =^e i -Vg i cr(p) , 

where ej £ T P P is the horizontal lift of e% to p via 7750- The tangent space TP 
can be identified with tt*TM © so(n) via ?7so- This bundle comes equipped with a 
natural connection V p given by the pullback of V™ plus the flat connection on 
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the trivial vector bundle so(n). As we will see in the next lemma this connection 
can have torsion. 

Lemma 4.1. Let v, w E C°°(M,TM) and denote their horizontal lifts via -qso by 
v,w£ C°°{P,TP), then 

Vftu - V£f) = [v,w] + a ic Q, TM {v,w) , 

where a*: P x so(ra) — > TP is the trivialization of the subbundle of vertical vector 
fields. 

Proof. From the definition of V p and the fact that V™ is torsion-free we deduce 
that V?w — V?£ = [v, w}. The lemma now follows from 

[v, w] = [v, w] + a*?75 ([w, to]) = [v, to] - a^ TM (v, w) . □ 

As we will see, D 2 will contain terms based on second derivatives, which we will 
now define. 

Definition 4.2. Let V, W E C°°(P,TP) be vector fields on P. The second deriv- 
ative of a section a E C°°(P, S) is defined by 

The projective connection Laplacian is the operator 

V*V proj : S) -> S) , V*V proj = -J2 VLe, , 

where the e, denote a horizontal lift of an orthonormal basis of T m M at a point 
m E M. It is easy to see that V*V pro j docs not depend on this choice. It is 
a transversally elliptic, non-negative formally self-adjoint operator with symbol 

(p,£)-Hk4ll 2 for(p,£)eT*P. 

The next theorem is the generalization of the formula proven by Bochner and 
Lichncrowicz for the square of the Dirac operator, in which the additional torsion 
term will enter as the operator 

^ = - 2 ei ' ^ ' V M^TM(e;,e 3 )) 

Theorem 4.3. Let D : C°°(P, S) — > C°°(P, S) be the projective Dirac operator over 
the frame bundle of an even- dimensional manifold M. Then 

D 2 = V*V proj + i K O 7T + 1 , 

where tt:P^>-M denotes the projection. Let E — > Y be a flat twisted Hilbert 
A-module bundle for L' with dd(L') = —dd(L) for L = L spin and Q be a flat 
trivialization of L^L' , then 

{D E, Q) 2 = v * v + 1 _ 

4 

Proof. Fix a point p E P projecting to m E M and choose a local orthonormal 
frame field ei E T m M such that Vf. M ej = at m G M. Observe that with this 
choice we also have V^e^ = at p. Let £1$ E f2 2 (M, end(5)) be the curvature 
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of V 5 , which by remark 2.23 descends to an end(S)-valued 2-form on M. The 
difference of the second derivatives turns out to be 

= fi s (ej,ej) - V a< ,n rM ( e()6;) .) . 
A closer look at D 2 yields 



i<3 



= V* Vp r oj + ~ ^ ej • ej • fl s (ei, e ) + T 



2 

The proof given in [19, Theorem 4.15] shows that the curvature of the connection on 
the projective spinor bundle is related to the curvature of the Levi-Civita connection 
in the following way 

tts(V,W) = ^^2(n TM {V,W)e k ,e l )e k -e l . 

k<l 

Plugging this into the above calculation and applying the Bianchi identities shows 
that 

m = -J2e l -e j ■ fl s (e t , e 3 ) = - n . 

Details for this last part can be found in [19, Theorem 8.10]. To see the second 
statement, observe that the operator T only contains covariant derivatives in the 
vertical direction. Note that sections of Q*(S M E) can be identified those sections 
of (S M E) (g) Q* -)• P XjsjY which satisfy (9) with cf> induced by the trivialization. 
As we have seen in the proof of lemma 2.28, the covariant derivative in vertical 
directions vanishes on these. Since we assumed Q and E to be flat, the curvature 
remains untouched, i.e. Qq*(seie) = D 

Theorem 4.4. Let D+ : C°°(P, S+) -4 C°°(P, S-) be the positive part of the Z/2Z- 
graded projective Dirac operator D. Let L = L sp i n , let L' be a bundle gerbe with 
dd(L') = -~dd(L) and let Q be a flat trivialization of L M L' . Let E — > Y be a 
twisted Hilbert A-module bundle for L' . Then we have 



md(D*> Q ) = / A(M)ch Q (E) . 



M 



In particular, if E is a flat bundle gerbe module for L' , we get 
md{Df Q ) = N ■ [ A(M) e Z , 



'+ 

where N 6 N is the rank of E 



Proof. Let tt M - T*M — > M be the bundle projection and denote by D(T*M) 
and S(T*M) the disc and sphere bundle of the cotangent bundle. The symbol 
a : 7r* M Q{S+ ME)-> n* u Q(S- B E) of Df Q yields an element [Q(S+ Kl E), Q{S- M 
E),a] e K° A (D(T*M),S(T*M)) = K° A (T*M). Denote by 

<t>: H 2 *(M,R) -4 H 2 *(D(T*M),S{T*M);R) 
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the Thorn isomorphism. From the Mishchenko-Fomenko index theorem and the 
multiplicativity of the twisted Chern character (see corollary 3.19 and remark 3.20) 
we obtain 

ind{Df' Q ) = f Td(M) 0- 1 (ch([Q(5+ H E), Q(S_ B E),a])) 
Jm 

= f Td(M)0- 1 (ch([5 + ,5_,a D ])) ch Q (E) 



A(M) ch Q (E) 



M 

-1 



where the identification of Td(M) (p^ 1 (ch([S+, S-, ctd])) with the A-genus described 
in [19] works in the twisted case as well. The second statement is clear from the 
fact that for a flat bundle gerbe module E and a flat trivialization Q we have 
chg^) =rank(E) • 1. □ 

4.1. Flat countertwisting. Theorem 4.3 suggests to look for flat countertwistings 
for the projective Dirac operator. A vector bundle is associated to a principal U (n)- 
bundle called its frame bundle. So the question arises, whether something similar 
is true for a bundle gerbe module F. In fact, we can change the bundle gerbe L 
inside its stable isomorphism class to a lifting bundle gerbe L f in such a way that 
there exist a canonical trivialization Qp from Lp to L such that Q* F {F) is of the 
form described in example 2.17. 

Lemma 4.5. Let F — > Y be a bundle gerbe module for a bundle gerbe L — > Y^ . 
Let Pp — > Y be its frame bundle. Then its projectivization Pp / S 1 descends to a 
principal PU(n)-bundle R —> M. The associated lifting bundle gerbe Lp is stably 
isomorphic to L. 

Proof. The action of L on F induces a corresponding map of frame bundles, which 
after forming the quotient by the S' 1 -action boils down to descend data 

Therefore Pf/S 1 descends to a principal P[/(n)-bundle R — > M and Pf/S 1 may 
be identified with iryR — R Xj{ Y. Since TTyR lifts to the principal [/(n)-bundle 
Pp, its lifting bundle gerbe L' — > (Pp / S 1 )^ is trivial. In fact the line bundle Qf 
associated to Pp — > Pf/S 1 over Pp provides a trivialization with 

{QF)( qu y)®{L') ((qu y ):(q2:y)) = {QF)( q2 , y ) for (( qi ,y),(q 2 ,y)) e (Rx M Y) [2] . 

Let L F -> i?' 2 ' be the lifting bundle gerbe of R — > M. The pullback ir Y[2] L F 
coincides with L'. The action of L on E induces an action of 7r^ [2] L on Qp with 

hvuia) ® (Qf)^V2) -> (QfOfoifO for V2)) E (i? Xjw ^) [2] • 

Putting things together we end up with Qp being a trivialization of (Lp)* Kl L 
showing that dd(Lp) — dd(L). □ 

Definition 4.6. The lifting bundle gerbe Lp associated to F as in lemma 4.5 will 
be called the frame bundle gerbe, Q p will be called the frame trivialization. 

Lemma 4.7. Let Qp be the frame trivialization of a bundle gerbe module F — > Y 
of rank n, then we have 

Qp{F) =RxC n 
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as a bundle gerbe module, where R x C" has the module structure described in 
example 2.17 for the canonical representation ofU(n) on C n . 

Proof. The descent data for Q* F ® TTyF is given by the isomorphism 

®F y2 ^(Q F )l qyi) ®F yi 

for ((q, yi), (q, y 2 )) G (R x m Y)^ . Note that Qf is the canonical line bundle 
over Pp I S 1 . A point q G Pf over y G Y may be interpreted as an isomorphism 
q: C n — » £J y . Now (Qf)L y2 ) ® is canonically isomorphic to C™ via 

® F » -> C n ; [g, A] <g> w h> Ag" 1 ^) , 
C n -> (Qf)*,,^) ®F y2 ■ [q, 1] <g) g (w) , 

where g in the second map is an arbitrarily chosen lift of q G R. The actions of L 
on _B and on Q* F are induced by the same map, so it is easy to see that the above 
isomorphism is compatible with the descent map. Since the action of Lp on Q* F 
is given by preconcatenation with elements of U(n), the map Q* F (F) = R x C n 
respects the module structure. □ 

The holonomy bundle of a flat vector bundle has a discrete structure group. Now 
that we have an analogue of the frame bundle for modules over bundle gerbes, we 
can formulate a similar statement in the twisted case. 

Theorem 4.8. Let F be a bundle gerbe module for a bundle gerbe L. Then F 
carries a flat connection if and only if its frame bundle gerbe Lp — > P F reduces to 
a covering bundle gerbe and the frame trivialization Qf is flat. 

Proof. Suppose F carries a flat connection with connection form np G f2 1 (PF, u(n)). 
Due to the splitting u(n) = su(n) ffi iK the projection u(n) — > i R induces a connec- 
tion form on the line bundle Qf, which turns out to be a bundle gerbe module con- 
nection for {Lp)*ML. By assumption it is flat. Let R be as in lemma 4.5. The frame 
bundle RxU (n) of Q* F (F) inherits a flat connection form r/R G x U(n), u(n)) 

from F. Let i\ : R — > R x U(n) be given by r H> (r, 1) and let q: U(n) — > PU{n) 
be the canonical projection. Since is the connection form of a bundle gerbe 
module connection, r\ = g*i.*?7_R G r2 1 (i?,su(n)) is a connection form on R. Indeed, 
for V G T r R, Y G su(n) C u(n), a G PU(n) and a r : PU(n) — !• i? with a r (o) = ra 
we have 

r](Ra*V) - g*?teGRa*V,0) = 9*?7R(y,£ o *(0)) = Ad a - 1 «»tjfl(V,0) - Ad a - I? y(7) , 
7y(a r *y) = q*r) R (a r *Y, 0) = q*i] R (0, Y) = q*Y = Y . 

Now, 77 is a flat connection on i? and by classical differential geometry, R reduces to 
the holonomy subbundle M of rj, which is a regular covering of M with classifying 
subgroup tt — 7Ti(M) C 7Ti(M) and deck transformation group D = tti(M)/tt. 
Thus, R = M Xp PU(n) for a representation p: D — > PU(n) and Lp reduces to 
the covering bundle gerbe L — > induced by the 5' 1 -extension of D pulled back 
from U(n) -t PU{n). 

Now suppose that the frame bundle gerbe Lp reduces to a covering bundle gerbe 
L — > Ml 2 ! for some covering M — )• M and that the frame trivialization Qf is flat. 
The connection form given in example 2.24 reduces to the pullback of the Maurer- 
Cartan connection and is therefore flat. Transferring it to F via the flat line bundle 
Qf yields a flat connection there as well. □ 
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As theorem 4.8 shows, twisted flat connections are essentially given by projective 
representations of the fundamental group with respect to a cocycle given by the 
associated covering bundle gerbe. As a matter of fact, we can retrieve the holonomy 
representation directly from the twisted bundle and we will need this for the general 
case of twisted Hilbert A-module bundles. Let E — >• P be a twisted Hilbert A- 
module bundle for the lifting bundle gerbe of a flat central 5' 1 -extension T — >• T and 
let E be equipped with a connection V E . Denote by c: [0, 1] — y P a smooth curve 
in P with c(0) = p. The parallel transport with respect to \7 E is defined as 

V c : [0,1] xE p ^E 

with V c (t,v) € E c u\, V c (0,-) — idE p and VfV c (-,v) — 0. Just as in classical dif- 
ferential geometry parallel transport exists for twisted Hilbert A-module bundles. 
Moreover, if \7 E is flat, it only depends on the homotopy type of c relative endpoints. 
There is an action of T on E via 'g ■ v = 7([<7, 1] ® v), where we used the notation of 
example 3.4. It covers the action of L on P. Since it is parallel with respect to the 
flat connection on L and the connection on E, parallel transport is equivariant in 
the following sense 

(23) V c . q{ g-i ) [t,g-v) = g-V c {t,v) . 

Now suppose that P = M is a covering and L is a covering bundle gerbe associated 
to the extension tt — > ir as in example 2.18, denote the action of I on £ by 7 9 
for g £ tt and fix a basepoint fh £ M mapping to the basepoint of M. Let 
t: S 1 — > M be a loop in M representing an element h = [r] € tt\(M) and denote 
by f the lift of r to to. Remember that the endpoint of f is the point m/i -1 , since 
we insisted on a right action of the deck transformation group. We abbreviate 
P(m, t)(v) = VfiXi v )j where f is the lift of t to m G M, and define the holonomy 
around the loop r to be hol(r, m) : E 7fl — > E^ with 

hol(m,r) = j h oV{fh 1 T) 

Since parallel transport and the action of L are A-linear, hol(m, r) is A-linear. 
This yields indeed a projective representation of the fundamental group. To see 
this, let a: S 1 — > M be another loop representing g € tt\{M) and note that the 
equivariance (23) implies 

7 9 o V(m, t) o 7 9 ~V{fhg~ 1 ,T) . 

If we denote the concatenation of the two paths by o~*t, where we first run through 
a, we get 

aa{g, hy 1 hol(TO, a * r) = c^(g, h)' 1 ^ 9 ' 1 ^ 1 V{fh, a * t) 

— 7^ o 7 ff oV(fhg~ 1 ,T)oP(fh,cr) 

= 7^ o ^7 ff o P{fhg~^, t) o 7 9 ^j o 7 s oP(m,o~) 

= j h o P(fh 1 t) o 7 9 o"P(to, cr) 
= hol(m, r) o hol(TO, cr) . 

Thus, 1io1(to, t) yields a projective representation of the fundamental group. 
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4.1.1. The twisted Mishchenko-Fomenko bundle. Instead of flat twisted vector bun- 
dles, we can twist the projective Dirac operator with flat twisted Hilbert A-module 
bundles whenever we have a projective representation of the fundamental group 
7T = 7Ti(M), such that its cocycle c ff e H 3 (Bn, 1) pulls back to W 3 (M) e H 3 (M, Z). 
Given a group ir and a cocycle cs € H 2 T (Tr, S 1 ), the construction of group C*- 
algebras associated to ir generalize to twisted group C*-algebras. 

Definition 4.9. Let ir be a discrete group, 6 H 2 r (ir, S 1 ) a group 2-cocycle 
classifying the extension 

1 -)• 5 11 -> 7T 7T -> 1 . 

Denote the associated twisted group ring by C[n, C5?]. This becomes a *-algebra 
with respect to the involution 

(XX'M =^2 X 9- lC %(9,9~ 1 )~ 1 9 ■ 
\g€v / gen 

Let L 2 (ir) be the Hilbert space of elements, such that J2 g err \^g\ 2 < 00 with the 
obvious scalar product. There is a twisted action of C[ir, c?f] on L 2 (ir) induced by 
h ■ X g g = Cfi(h, g)X g hg and the above involution coincides with taking adjoints with 
respect to the scalar product. The closure of C[n, cjj] with respect to the operator 
norm on L 2 (n) is called the reduced twisted group C* -algebra C*(n, c^). 

There is another norm the twisted group algebra can be endowed with, defined 
by: 

\\g\\ = sup ||g(3)|| , 
e 

where the supremum is taken over all projective non-degenerate ^-representations 
on Hilbert spaces corresponding to the lifting cocycle c%. Since ||f?(<7)|| is bounded 
by the I -norm, which follows from the triangle inequality, the supremum exists. 
The closure with respect to this norm is called the universal (or maximal) twisted 
group C* -algebra Cj^ ax (7r, ). By construction it has the universal property, that 
any *-homomorphism from C[7r, c?j] to some B(H) for a Hilbert space H factors 
through the inclusion C{ir, c%] — > C^ ax (7r, cj). 

Apart from twisted group C*-algebras, we will need the following canonical cov- 
ering bundle gerbe associated to any orientable manifold M with dim(M) > 3, such 
that the universal cover M carries a spin structure: Denote by Pso the oriented 
frame bundle of M and let 7r = tti(M). Since M is spin, we have the following 
short exact sequence as was pointed out in example 2.38: 

(24) 1 ->• Z/2Z -4 7Ti(F 50 ) -4 7T -> 1 . 

We set 7r = (tti (Pso) x S 1 )/ (Z/2Z), which is a central ^-extension of w. Moreover, 
we define Spin c (n) Cg> tt to be the product of the two groups modulo the diagonal 
S^-subgroup, which fits into a short exact sequence 

(25) 1 -> Spin c (n) ->• Spin c (n) ® tt ->• n ->• 1 . 

Definition 4.10. The covering bundle gerbe L% associated to the central exten- 
sion (24) as explained in example 2.4 is called the Mishchenko-Fomenko bundle 
gerbe. 

The following lemma is essentially the complex version of what is called the 
canonical 7(i?)-structure in [31]. 
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Lemma 4.11. The universal cover Pso of Pso induces in a canonical way a 
principal Spin c (n) ® it-bundle P over M . 

Proof. It is a direct consequence of lemma 2.33 that Pso — > M is a principal 
Spin(n)-bundle. Of course, Pso Pso is a principal 7Ti (Pso )-bundle compatible 
with the projection to M — > M. The two group actions on Pso commute and 
agree on the diagonal Z/2Z. Thus, we get an action of Spin c (n) ® tt on P = 
(Pso x 5 fl )/(Z/2/Z). So, we have a principal Spin c (n)-bundle P — > M, a principal 
7r-bundle M — > M and an action of Spin c (rt) ® tt on the total space of the first 
that is compatible with the two other actions in the sense of lemma 2.32 for the 
sequence (25). □ 

Corollary 4.12. If L sp i n denotes the spinor bundle gerbe from example 2.17 then 
we have dd(L^) = —dd(L sp i n ) = Wz(M) G H 3 (M, Z) with a canonical flat triviali- 
zation Q spin- 
Proof. We need to find a trivialization for L sp i n Kl but the latter is the lifting 
bundle gerbe for the extension 

1 -> S 1 -> Spin c (n) ® tt -> S*0(n) x tt -> 1 

and the principal SO(n) x 7r-bundle P50 x m -W. As we have seen in lemma 4.11 
the universal cover induces a principal Spin c (n) £g>7?-bundle P over M covering the 
bundle Pso x m M. Therefore dd(L sp i n ) + dd(L^) = dd(L sp i n IE L?) = 0. Since the 
principal [/(l)-bundle P — > Pso x m M reduces to the covering Pgo — ► Pso x m M, 
the associated line bundle Q spin is flat. □ 

Remark 4.13. Since W%(M) S H 3 (M, Z) is a Z/2Z-torsion class, its sign plays no 
role and we have W 3 (M) = -W 3 (M). 

We are now in the position to define the analogue of the Mishchenko-Fomenko 
line bundle in the twisted case: 

Definition 4.14. Let e Hg r (ir, S 1 ) be the group cocycle of the extension 1 — > 
S 1 —> tt —> tt —> 1. The canonical twisted Hilbert A- module bundle for A — 
Cmax^jCff) gi ven by V max = M x C^ lax (7r, c?f) is called the (maximal) twisted 
Mishchenko-Fomenko bundle, likewise we could define a reduced version of this via 

V rcd = MxC r *K4 

To summarize what we gained from theorem 4.4 and definition 4.14 we state: 

Theorem 4.15. Let M be an oriented even- dimensional manifold with dim(M) > 
3, such that the universal cover M is spin. Then the index of the positive part D + of 
the IjTL-graded projective Dirac operator D twisted with the twisted Mishchenko- 
Fomenko bundle satisfies 

<T ax (M) = ind(D*-"' Qspl ") = / A(M) c/ l Q 3pl „(V max ) e K (C^ ax (n, c ff )) ® R 

J M 

and is an obstruction against the existence of a positive scalar curvature metric 
on M. 
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5. ENLARGEABLE MANIFOLDS WITH SPIN UNIVERSAL COVER 

In this section we will show how the above machinery can be applied to prove 
results about index obstructions for non-spin manifolds that still admit a spin 
structure on the universal cover M. Since M may be non-compact, we have to 
work in a twistedly equivariant setting. As an example we will extend the result 
of [13, 14] about the Rosenberg index obstruction for enlargeable spin manifolds to 
enlargeable orientable manifolds with spin structure on the universal cover. Thus, 
our central definition will be 

Definition 5.1. A connected closed oriented manifold M with fixed metric g is 
called enlargeable if the following holds: For every e > 0, there is a connected cover 
M — > M carrying a spin structure and an e-contracting map 

(M,g)^(S n ,g ) 

which is constant outside a compact subset of M and of nonzero degree. Here, g 
denotes the induced metric on M and go is the standard metric on S n . 

5.1. Almost flat twisted bundles. Just as in [13, 14] the non-vanishing result 
will be based on the construction of almost flat bundles. These can be assembled to 
form a flat countertwisting bundle for the projective Dirac operator. This operation 
represents a homomorphism of JTo-groups detecting 6* max (M). We will first describe 
the definition and the construction of almost flat twisted bundles. The whole ma- 
chinery in the previous chapters was developed in such a way that the proof of the 
non- vanishing of # max (M) for orientable enlargeable M with spin universal cover is 
then very close to the result of Hanke and Schick. We will nevertheless outline all 
points that have to be altered to match our setting. 

Definition 5.2. Let L% be the Mishchenko-Fomenko bundle gerbe. A sequence 
Ei — > M, i G N of smooth bundle gerbe modules for equipped with connections 
V 1 will be called a sequence of almost flat twisted bundles, if 

limll^H =0 , 

where fl; is the curvature of the connection V 1 and the norm on f2 2 (M, end(Ei)) 
is induced by the natural pointwise norm on end(Ei) —> M and the maximum 
norm on the unit sphere bundle in A 2 (M). Moreover, the twistings 7? : Ei — > g*Ei 
considered as sections C(M ,Kom(Ei, g* Ei)) should be locally Lipschitz continuous 
with a global Lipschitz constant C independent of i. This means that for each 
point m € M there exists an open neighborhood U of fh, such that Ei and g* Ei 
are trivial over U , such that we can view the restriction of 7? to U as an element 
in C(U, U(V)) with V being the typical fiber and we have 

||7f(mi) — 7f(ma)|[< Cd(rhi,m 2 ) 

where the metric is induced by the Riemannian structure pulled back to M. Observe 
that the norm on the left hand side is independent of the choice of trivializations. 

Lemma 5.3. Let M be an orientable smooth manifold and let M be a cover of M 
equipped with a spin structure, set it = %x(M) and n = Tti(M) C tt. The Hilbert 
space H = £ 2 (tt/tt) is in a canonical way a projective representation of it with 
respect to a cocycle that is cohomologous to cjf given in definition 4-14- 
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Proof. Let P = Pso be the oriented frame bundle of M and let tt : M — »■ M be the 
covering projection, then 7r*P = P Km M is the frame bundle for M with respect 
to the pullback metric. Since M carries a spin structure, we get a homomorphism 
r: fr — > 7Ti(P) — ^ 7r by example 2.37. This means that the cocycle is cohomol- 
ogous to one that is trivial on n x tt. But we can enhance this result a little bit: 
Choose representatives a% £ 7T, i s / for the cosets in it /it (with ao = 1 for 7f C 7r) 
and lifts a; £ it of these (with So = 1 = 1). Let x £ 7r, then x — a.iy uniquely 
for an element y £ 7f. Set x = 2j T(y), which is a lift of a; to 7?. In particular, for 
,x cij = ak y' with y' £ w we have xa] = a.k T(y') and thus 

xayy = a fe r(y' y) = a k r(y') r(y) = xaTj r(y) . 

Now define c~ : 7r x it — > S 1 via 

c^(x, aj y) — xa,jT{y) x~apy 1 = xa,jT(y) r(y) -1 Sfaj 1 = x Oj xcTj 1 

for x G 7T and y £ tt . Since represents the same extension as both cocycles are 
cohomologous, but the value of c'~ does not depend on the choice of y £ 7f . Thus, 
we define the action of 7r on H by 

x [u] = c~(x, v) [xv] 

for x £ tt and w £ tt/tt. This yields a projective unitary representation of n on H 
with respect to the cocycle c'~. □ 

Theorem 5.4. Let M be an even- dimensional orientable manifold that is enlarge- 
able in the sense of definition 5.1. Let i £ N be a positive natural number. Then 
there is a C* -algebra Ci (which will be constructed in the proof) and a twisted Hilbert 
Ci-module bundle — > M for the Mishchenko-Fomenko bundle gerbe L^ together 
with a twisted connection V, that has the following properties: The curvature fl; of 
Ei satisfies 

<-c 

i 

where C is a constant depending only on dim(Af). Moreover, there is a split exten- 
sion 

with a certain C* -algebra Xi. In particular, each K^iCi) splits off a Z = Ko(K) 
summand and the Ko(W)-part of the index of the projective Dirac operator sp ™ 
is different from 0. 

Proof. Let 2n = dim(M) and tt — ni(M). Since the Chern character is ratio- 
nally an isomorphism, there is a vector bundle F — > S 2n with non-vanishing top 
Chern class c n (F) ^ 0. Choose a connection tjf on F and fix i £ N. Since M 
is enlargeable, there exists a spin covering M M together with a i-contracting 
map 

tp: M -4 S 2n , 

which is constant outside a compact subset K of M. Let Pp be the principal U(n)- 
bundle of frames in F. Since t/j is constant on M\K we can choose a trivialization 
for the principal t/(n)-bundle iP*Pf over this set: 

such that the pullback connection ip*rjp is flat. Let p: M —> M be the covering 
map, p: M —± M the universal cover and tt = tt\(M). Just like in the proof 
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of [14, Proposition 1.5] we can cover M by open sets Uj.j G /, such that each 
component V\j C M of p~ 1 (Uj) maps diffeomorphically onto Uj, intersects only 
one component V^.k of p~ 1 (t/fc) for any k and such that i/j*Pf trivializes over 
each V\.j. Let Jj = fto(p~ 1 (V j)) be the index set labeling the components, likewise 
set Jj — no(p (Uj)). Let <fi a ,j : Jj — > tt/tt be the map that sends ag to [g] G tt/tt 
for g G 7r, where tt acts on Jj by deck transformations. Since M = M/fr, this 
induces bijections ifxj ■ Jj — > ft /ft for each X £ Jj. Note that 

( 26 ) VMj = S _1 ^Hj- 

Moreover, if A G Jj and // G Jk belong to components with non-empty intersection, 
then <p\j(k) = t/3 Mi fe(r) if r and n intersect. 
Now consider the Hilbert space 

H = £ 2 (tt/tt) <Z>C n . 

Like in [14] we would like to define two C*-algebras C$ and Ct to obtain Cj from 
them, but we have to take the twisting into account. Therefore, we define C's C 
B(H) to be the C*-algebra generated by the group of all permutations of ft/ ft and 
all multiplications by functions / : tt/tt — > S . So we have permutation operators 
with 5 1 -entries instead of just Is as a generating set of Cs- Let Ct C B(H) be 
C*-algebra generated by linear transformations, which are of the form 

T:H^H ■ T{[g]®v) = [h]®T'v and T| ([s]8C »)x = . 

for some matrix T' G M n (C) and [g], [h] G tt/tt. Let Cs.t be the C*-algebra 
generated by Cs and Ct inside of B(H) and note that Ct yields a 2-sided ideal in 
Cs.t- Moreover, Ct is isomorphic either to the compact operators or to a matrix 
algebra. Applying the stabilization trick of [14] we can without loss of generality 
assume that the former is the case. Now set 

Q = {(ci, c 2 ) G C S .T x C s .t I ci - c 2 G C T } 

just like in [14, Proposition 1.5]. This algebra fits into a split exact sequence 

->■ C T ->• Ci C S:T -> 

with the splitting induced by the diagonal map, Ct Ci via a i-> (a, 0) and 
Ci — > C^t via (a, 6) i-4 6. 

We choose trivializations of iP*Pf over the sets Vx,j G M, where we take the 
trivialization fixed above if V\j is a subset of M\K. This way we get a cocycle on 
the double intersections Vt\,n),(j,k) = H ^,fc : 

T (A, M ),(j,fe) : V (A,/i),(f,*) [/ (") • 
We can extend ^ / . fe % to a cocycle with values in the unitary group U {Cs,t) as 
follows: 

T (\,n),(j,k)( x )( l P*,j(K') ® «) = ¥V,fc( T ) ® T (re,r),(j,fc)( S )( u ) > 

where r G tt/tt is the index of the component of p~ l (Uk) that intersects V Kl j and 
x denotes the lift of p(x) to the component V K j. This map actually does nothing 
to the first tensor factor by our previous considerations. Let TR ^ ^ fe % be the 
constant map with value 1 G U(Cs,t)- T! k t j y fe ) is different from the identity only 
for finitely many pairs (k, r). Thus, 
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is a well-defined cocycle with values in U(Ci). We therefore get a smooth Hilbcrt 
Cj-module bundle E; — > M, whose pullback to M will be Ei = M x AI E^. By 
lemma 5.3, the space £ 2 (tt/tt) carries a projective unitary representation of tt with 
respect to the cocycle cs, which induces a projective representation r: tt — > U(Ci). 
For a,/3£ Jj denote the corresponding components of p~ l (Uj) by W a ,j and Wpj 
respectively. Let A = [a], \i — [/?], A' = [ag -1 ] and p! = [flg^ 1 ] G Jj. We define 

I 9 ■ W aJ xC,-} W ag -ij x C 4 

by left multiplication with r(g). Due to equation (26) and with Lp\j(n) — ^^(t) = 
[h] 6 tt/tt we have 

(T { \>^>),UM X ) • KfiO) (<P\j( K ) ® «) = C5r(fl) ¥Vj( t ) ® T Ur),u,k)( v ) 

Thus, 7 9 intertwines the transition functions of Ei and g*{Ei). Therefore it yields 
a well-defined twisting map 

jO-.Ei^g^Et) . 

This clearly satisfies the Lipschitz condition, since it even is locally constant. 

Let rj K> j G r2 1 (V Kj j, u(n)) be the pullback of r)p via the trivialization. These 
induce forms in D, 1 (Vxj , C§ T ) , where Cg T denotes the anti-self adjoint operators 
in Cs,t, via 

(itijjO^jW ® v) = <pxj(k) ® (0 • « ■ 

Since ry K .j is non-zero only for finitely many k, we can extend to a well-defined 
1-form with values in the anti-selfadjoint operators of Ci by setting it to zero in the 
second component. These 1-forms inherit their transformation behaviour from the 
forms T) K j. Thus, they yield a C^-linear connection V 1 on sections of Ei. Just like 
above it follows from (26) that V 1 is a twisted connection. Since the norm of the 
curvature of V 1 coincides with that of ip*flF, we have 

ll^ll = HV^fII < -c . 

It remains to be shown that the Kq (K)-part of md(D+"® sp " 1 ) does not vanish. Here 
we proceed exactly as in [14]: Let T C Ct = K be the trace class ideal and let Di 
be the algebra given by 

A = {(ci,c 2 ) G C s ,t x C s ,t \c l -c 2 (^T} . 

Since the proof of lemma [14, lemma 2.4] applies to Di with the changed Cs,t as 
well, Di is a unital local C*-algebra with a trace t(c\ 1 C2) — tr(ci — C2), which 
coincides with the trace of the element after projecting it from Ci to T ■ Its C*- 
completion is C,;. Since Ko(Ci) = Ko(Di), we can extend dim r from definition 3.24 
to a functional on Ko(d) and it suffices to prove that dim T (ind(L>+ ,Vspln )) ^ 
0. The transition functions in the definition of Ei actually take values in U(Di) 
and thus lead to a twisted Di-module bundle Si in the sense of section 3.1.3. By 
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theorem 4.4, equation (20) and the fact that ch(Q sp i n ) = 1 we have 
dim T (ind(/J+'' Qspi ")) = / l(M)dim T (ch Qspin (£ i )) 

JM 

= [ A(M) dim r (ch Qspin (Si))= [ A(M)ch T {Si). 

JM JM 

We can identify £ il 2 (M, end(£i)) with an equivariant form in fl 2 (M, End(fi)). 
If we carry out the integration over a single subset Uj C M, we could integrate 
instead over the subset W a j C M for some a £ Jj. This is independent of the 
choice of a by equivariancc. But over W a j the form T(Qs i A • • • A figJI^r . £ 
fl cvcn {W aJ , R) coincides with the sum of all a rF A • • • A CI^, f \ Vk . £ n even (F«7, K) 
over k € Jj by the definition of the trace. Using a partition of unity on M we see 
that 

f A(M)ch T (£i)= I A(M) ch(ip*F - C™) , 

Since the class of ch(tp*F — C w ) is concentrated in degree n we see that the above 
term is non-vanishing. □ 

Remark 5.5. Due to the stabilization trick mentioned in the proof the fibers of 
Ei are isomorphic to UCi for some projection ti £ Ci, where ti = 1 if M is non- 
compact. 

Having the sequence Ei of almost flat twisted bundles at hand, we can form the 
C*-algebra 

A = Y[d 

ieti 

of bounded sequences with ith entry in d, in which the norm closure of the se- 
quences with only finitely many non-zero entries 

A ' = © Q 

is a two-sided ideal and we set Q = A/A'. Let Ai be the ideal in A consisting of 
sequences that are everywhere, but in the ith entry. We can assemble the bundles 
Ei into a twisted Hilbert A-module bundle. 

Theorem 5.6. There is a smooth twisted Hilbert A-module bundle E — > M together 
with a twisted connection 

V E : C°°(M, E) -> C°°(M, T*M ® E) 

such that the following holds: 

• E ■ Ai is isomorphic to Ei as a twisted Hilbert Ci-module bundle. 

• The connection preserves the subbundles E ■ Ai. 

• The seguence of curvatures f2j £ n 2 (M, end(E ■ Ai)) of the connection in- 
duced on E ■ Ai by V E satisfies 

lim \\Q,i\\ = . 

Proof. The idea is to see that the product bundle El = A~ (n^eN wnere 
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is the diagonal map, has locally Lipschitz continuous transition functions. This par- 
allels the construction given in the proof of [13, lemma 2.1] with the only difference 
that we have to work equivariantly over M, so we just sketch the differences and 
refer to [13] for the details: We cover M by subsets Uj, each of them diffeomorphic 
to where / = [0,1], such that M — > M is trivial over Uj via 



UjXw-> M 



We can find trivializations 



of (f>*-EA , such that constant sections of (f>*Ei over I k x {0, . . . , 0} are parallel 

j ' f j X 1 1 J J 

with respect to V^, for 1 < I < k, where V denotes the connection induced by 
\7 Ei . Using the twisting we can extend ibj , to a trivialization ibi ,• of <b*Ej\ TT 

with components iftfj with g £ n. Let rj?j G SI 1 (I™ , tiCiU) be the pullback of the 
connection 1-form of V Ei . The way the trivializations are constructed is crucial to 
prove the estimate given in [13, lemma 2.3], which now still holds and we have 

ll<ill<»-||«L-ll' 

where Clf^ denotes the curvature of r]?j. The right hand side of the above inequality 
is independent of g £ tt. Thus, our control of the curvatures carries over to an upper 
bound on the local connection 1-forms. The trivializations ipij induce transition 
maps 

ipi,(j,k) : (Uj n Uk) x it -> U{t l C l t l ) 
and the upper bound on the local connection 1-forms yields an upper bound on 
the norm of the derivative Dr Xtg \ipiu t ).) just as described in [13, lemma 2.5, propo- 
sition 2.6] proving Lipschitz continuity of the transition functions. The Lipschitz 
condition on the twisting maps ensures that the product of the 7? is continuous, 

when considered as an element in C(M ,Hom(EL, g* El))- Thus, El is a continu- 
ous twisted Hilbert A-module bundle. Note that tt — %i(M) acts via the adjoint 
action unitarily on Cj and we set A — M x^d CV El corresponds to a projection 
tL G C(M,A), which we can approximate by a projection in C°°(M,A) to obtain 
a smooth twisted Hilbert A-module bundle E by the construction given in theo- 
rem 3.9. We have E-Ai = El ■ Aj = E^. The isomorphism may only be continuous, 
but it can be smoothed. 

To construct the connection V E we only need to give local connection 1-forms 
over the sets 4>j(Uj x {1}) C M and extend them equivariantly via 7 s to get 
connection forms over the images of Uj x tt, which can be patched together with a 
partition of unity on M. The construction takes the local forms of the Ei and uses 
a convolution argument to get a smooth form on the product. This is exactly the 
same as in [13]. □ 

The twisting j 9 maps the subbundle E ■ A' into itself, therefore the quotient 
W = E/(E ■ A') is a smooth twisted Hilbert Q-module bundle equipped with a 
flat connection and typical fiber tQ for some projection t G Q. If we now fix a 
basepoint m 6 M, we get a projective holonomy representation by our observations 
in section 4.1 

MM),c ? ) -> End(W^) = tQt . 
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By the universal property of the maximal twisted group C*-algebra, this extends 
to a *-homomorphism 

As a consequence of the naturality proven in corollary 3.38, the induced map 
(/>»: K (C*(7ri(M),C5f)) -4 if (Q) maps max (M) to ind(L>^ V '' Q5pm ), where 

W' = M x = M x Wm . 

But using the parallel transport (see section 4.1) and its equivariance (23) with 
respect to we see that W" is isomorphic to W as a twisted Hilbert Q-module 
bundle. 

Theorem 5.7. Let M fee a closed compact smooth orientable even- dimensional ma- 
nifold with dim(Af) > 3 and M spin that is enlargeable in the sense of definition 5.1. 
Then we have 

9^(M)^0GK (C^ 1 (M),c^)) . 
Proof. As we saw above, we have 

</>*(0 max (M)) = md{D™' Q ««*) e K (Q) 
By [14], the group Kq(Q) splits off a summand 

JJ K (K)/ K (K) <* JJ Z/ Z 

iGN ieN iSN j<EN 

and the image of ind(-D , pin ) in the latter group corresponds to the sequence 



p, (ind(£>f Ai ' Q ' pi ")) = p*(md(£>^ pta ) 



where p: C, — >• K is the projection. By theorem 5.4 it has only non- vanishing 
entries. □ 

Remark 5.8. Extending the suspension argument from [13] it is easy to drop 
the assumption about even-dimensionality. Relaxing the condition about the ori- 
entability of M requires incorporating orientation twists of if-theory into the setup, 
which can be seen as a special case of twisted Z/2Z-equivariant i^-theory as has 
been observed by Karoubi [17, Remark 6.16], [15]. These can also be described by 
gerbes (see the Jandl gerbes in [10] and the functor K±(X) in [1], which is naturally 
equivalent with Karoubi's definition), therefore the above argument should gener- 
alize to non-orientable manifolds as well. Nevertheless, it seems to be impossible 
to drop the spin condition for the covers M in the definition of enlargeability, since 
our construction of a projective representation with the right cocycle relies on that. 
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